Final Exam

Math 451, Prof. Roman Vershynin
Fall 2011 Name: DOLUTIONS

Read the following information before starting the exam:

¢ No laptops or any communication devices are allowed on the exam.

e Show all work, clearly and in order, if you want to get full credit. Points will be
taken off if it is not clear how you arrived at your answer (even if your final answer
is correct).

e Please keep your written answers brief; be clear and to the point. Points may be
taken off for rambling and for incorrect or irrelevant statements.



1. (23 points) Compute the following limits or prove that they do not exist. Justify.
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(Problem 1 continued)
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2. (10 points) Find all values of p > 0 for which the series
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3. (12 points) Consider a sequence (sn) and a real number M. Prove that
limsups, < M

if and only if there exists N such that
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4. (12 points) Let f be a function on [a,b] and a < ¢ < b. Let f; be the restriction of
f onto [a,c] (i.e. fi is the function f defined on [a,c]), and let f> be the restriction of f
onto [c, b].

Are the following statements true or false? Proofs are not necessary.  °

a. (4 pts) If f is continuous then f, and f, are continuous.

T
b. (4 pts) If fi and f; are continuous then f is continuous. F
c. (2pts) If fis integrable then f; and f, are integrable. T

T

d. (2 pts) If f; and f, are integrable then f is integrable.

5. (9 points) Give an example of a function f on [a,b], which is continuous on (a,b)
but such that f attains neither its supremum nor infimum on [a, b).

‘j A
920

Why does this example not contradict the validity of Extreme Value Theorem?
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6. (12 points) Let f be a differentiable function on [0, co), which satisfies

lim f'(z) =0.

Z~++00

Prove that
L= lim ( flz+1) - f(cc)) = 0.
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7. (12 points) Let f be an integrable function on [a, b]. Prove that there exists z € [a, }]

such that . »
/ (@) dt=/ f(2) dt.
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8. (10 points) Prove the following inequality:
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9. (10 points) [Bonus problem, no partial credit] Let f be a continuous function
on [a,b] such that

b
[ #@)(e)ds=0
a
for every continuous function g on [a, b} that satisfies g(a) = g(b) = 0. Prove that
f(z)=0 forallze][0,1]

(Hint: argue by contradiction; construct a suitable g.)
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