TWO FRIENDLY PROOFS OF THE BERRY-ESSEEN THEOREM

ROMAN VERSHYNIN

ABSTRACT. A gem of classical probability, the Berry—Esseen theorem provides a non-asymp-
totic form of the central limit theorem. This note gives a friendly and intuitive exposi-
tion of two different proofs of the Berry—Esseen theorem for nonidentically distributed ran-
dom variables: the classical Fourier-analytic proof and a proof by Stein’s method following
E. Bolthausen. Both proofs are self-contained; the reader may read either proof without
reading the other. The exposition is suitable for a basic graduate course in probability.

The central limit theorem describes the eventual Gaussian behavior of sums of independent
random variables. The Berry—Esseen theorem makes this approximation quantitative for
every finite sum.

Theorem 0.1 (Berry—Esseen theorem [1, 4]). Let X1,..., X, be independent mean-zero ran-
dom wvariables whose sum S, = Xy + --- + X,, satisfies Var(S,) = 1. Let G be a standard
normal random variable. Then

sup|P{S, < a} — P{G < a}‘ < O EIXP,
a€R =1

provided the right-hand side is finite, where C' is an absolute constant.

To see how this implies the classical central limit theorem, let Y7,Y5,... be independent
mean-zero random variables with unit variances and uniformly bounded third moments.
Applying Theorem 0.1 to Xy = Yy /\/n gives

P{W =0 <;ﬁ) . (0.1)

Thus the normalized sums converge in distribution to G. More precisely, (0.1) gives uniform
convergence of the distribution functions, the optimal rate O(n~'/2), and a bound valid for
every finite n.

sup < a} —P{G < a}

a€R

We prove the theorem twice. Part I gives the classical Fourier-analytic argument, including
an intuitive proof of Esseen’s smoothing inequality. Part II gives a proof by Stein’s method,
following an extremely concise argument of Bolthausen [2]. The two parts are logically
independent: neither proof invokes a definition, lemma, or estimate from the other. A reader
interested in just one method may therefore go directly to the corresponding part.

There are several existing textbook proofs of the Berry—Esseen theorem. The classical
Fourier-analytic proof is covered, for example, in Feller [6, Ch. XVI, Sec. 5, Thm. 2[; for an
introduction to Stein’s method, see Ross [7] and Chen, Goldstein, and Shao [3].

Partially supported by the NSF Grant DMS 2451011 and the U.S. Air Force Grant FA9550-25-1-0294.
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PART I. THE FOURIER-ANALYTIC PROOF
This part is self-contained. It begins with the proof strategy, recalls the needed Fourier

analysis, and develops its own smoothing and characteristic-function estimates.

1. THE PROOF STRATEGY

Here is a bird’s-eye, non-rigorous sketch of the proof of Theorem 0.1.

1.1. Smoothing. We begin by writing
P{S, < a} =Elfg,<q- (1.1)

The difficulty is that the function z + 11,4 is too rough: it has a discontinuous drop from
1 to 0 at the point a. To mitigate this issue, we smooth the indicator function: approximate
it with a function f(x) that decreases from 1 to 0 gradually. With such approximation, (1.1)
becomes

P{S, < a} ~ E f(Sh).
A rigorous version of this smoothing step will be given in Lemma 3.1.
1.2. Fourier transform. Next, we replace f(z) by an even simpler function — a complex

exponential €27 This can be done using the Fourier transform inversion formula (recalled
n (2.2) below):

E f(S,) = E / 275 (1) dt — / E [e>745] F{(t) dt.

R R
Applying the same method to a standard normal random variable G, subtracting the two
expressions, and using Jensen’s inequality, we obtain

B{S, < a} ~P{G < a}| £ / [E e2mitSe _ | 271G | 1) dt. (1.2)
R
This reduces the problem to comparing the characteristic functions Ee™*» and E e®C. For
the standard normal random variable GG, a simple computation yields
Ee'Y = exp(—t*/2), te€R. (1.3)
1.3. Taylor approximation. For S, independence of the random variables X} gives
Eeitsn —F [eitXl] ...E [eitXn}
which reduces the problem to computing the characteristic function E e**** for each random
variable X} separately. By assumption,
EX, =0 and EX}?= o0} < 0.
Using the Taylor approximation e* ~ 1+ z + 22/2 and taking expectations, we get
Ee"Xt ~ E(1 + it Xy — X} /2)
=1 — 0pt?/2 ~ exp(—0pt?/2).
Multiplying over k gives
E 9 ~ exp(—oit?/2) - exp(—02t?/2) = exp(—t*/2), (1.4)
since 0% + -+ + 02 = 1 by assumption. Comparing to (1.3), we see that

E eitSn ~F eitG
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Substituting this approximation into (1.2) completes the heuristic “proof”.

1.4. A challenge and a fix. The main issue with this heuristic argument lies in the quality
of the Taylor approximation. We cannot expect

E e ~ exp(—oit?/2) (1.5)

uniformly over all ¢ € R. For example, if X} has the Rademacher distribution, its character-
istic function equals cos(t), which does not even decay to zero as |t| — oo.

There is an elegant fix for this issue: choose the smoothing function f whose Fourier
transform fis supported on a compact interval centered at the origin. The integrand in (1.2)
would vanish outside that interval, and so it suffices to establish the approximation (1.5) only
for t close to the origin. This idea leads to Esseen’s smoothing inequality (Theorem 3.3).

In Lemma 4.1, we will prove (1.5) in a neighborhood of the origin. Multiplying over k, we
will deduce a rigorous form of (1.4) in Lemma 4.3. Plugging it into the smoothing inequality
will complete the proof of Theorem 0.1.

Now let’s do this step by step.

2. BACKGROUND ON FOURIER TRANSFORM

First, let’s recall some basic facts about Fourier transform that we will use in the proof.
The Fourier transform of an integrable function f : R — C is the bounded and continuous
function f: R — C defined as

) = /R €27 £ () . (2.1)

If f is a Schwartz function (that is, f and all its derivatives decay faster than any polynomial
at infinity), then fis also a Schwartz function.

Any Schwartz function f can be reconstructed from its Fourier transform using the Fourier
inversion formula:

flz) = /R 2™ F (1) dt. (2.2)

Comparing with (2.1), we see that applying the Fourier transform twice yields f(—z). In
particular, the Fourier transform is an involution on even functions.

The Fourier transform preserves the L? norm: for a Schwartz function f, the Plancherel
identity says that

2 _ Ny 2
/R @) de = /R F)P . (2.3)

The convolution of two integrable functions f and g is the integrable function f * g defined
as

(o)) = [ f)ate ) du
The convolution theorem states that

m = f g pointwise. (2.4)
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3. SMOOTHING
We can write the cumulative distribution function of a random variable X as
P{X <a}=E1_o (X —a),

where 1(_ (%) is the indicator of (—oc0,0]. We now smooth this indicator, replacing it by
a function that transitions gradually from 1 to 0, with most of the transition occurring in an
e-neighborhood of the origin.

Lemma 3.1 (Smoothing the discrepancy). Let ¢ be a probability density function, which is
also a Schwartz function. Consider a smoothed version of the indicator function of (—oo,0]:

J =1 (o] * ¥
Let X and Y be random wvariables. Assume that the probability density function of Y is
bounded by M. Then we have for any € > 0:

Ef(X;a>—Ef<Y_a>‘+C¢M5. (3.1)

sup|P{X <a} —P{Y < a}‘ < 2sup
acR €

a€eR

Here C, depends only on the choice of the smoothing function .

Proof. Step 1. Regularity of the discrepancy function. By rescaling, it is enough to consider
e = 1. Our task is to bound the discrepancy function

A(a) == Fx(a) — Fy(a),

where Fx(a) = P{X < a} and Fy(a) = P{Y < a} are the cumulative distribution functions.
The function Fx increases, while Fy cannot increase too fast because its derivative is
bounded by M. Putting this together, we see that A cannot decrease too fast:

A(a+t) > A(a) — Mt forany a€R, t>0. (3.2)

In particular, once A achieves its maximum, A will have to remain close to its maximum for
a while. To make this precise, assume without loss of generality that

A = sup|A(a)| = sup A(a). (3.3)
R R

ac ac

(Otherwise replace X,Y by —X,—Y.) Choose a point @ where A(a) > 0.9A. Then (3.2)
gives

A(a+1t) > 09A — Mt > A/2
aslongas 0 <t < A / §M . In other words, we found an interval of length A /3M on which A
is bounded below by A/2.

Step 2. The smoothed discrepancy function. Our task is to compare the discrepancy
function A(a) to its smoothed version

A¢(a) =Ef(X —a) —Ef(Y —a).
To express Ay in terms of A, note that

Ef(X —a)=E /R 1 ooo(X —a—y)p(y)dy = /R Fx(a +y)e(y) dy

by the Fubini theorem. Express E f(Y — a) similarly, subtract, and obtain

Asa) = [ " At y)ely) dy. (3.4)
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Step 3. Integrating. In Step 1, we found an interval [ag — T',ap + T with T' = A/6M and
on which A is bounded below by A/2. Let’s decompose (3.4):

Ag(ap) = / Afao + y)oly) dy + / Alao + y)oly) dy.
ly|<T ly|>T

I1 12
To bound I, recall that (3.3) implies that A is bounded below by —A everywhere. Moreover,
¢ is a Schwartz function, so f‘y|>T o(y)dy < C,/T. Thus

- C
IQZ—A.%’.

To bound I7, recall that A is bounded below by A/2 in the range of integration. Moreover,
 is a probability density function, so its total integral equals 1. Thus

11>A-<1—C“’>.

-2 T
Adding the two bounds, we conclude that
A 3C,A _ A
A >_— - > _ M.
sla0) 2 5 = =5 2 9,
Rearranging the terms yields A < 2A #(ao) + 18C,M, which completes the proof. O

In Lemma 3.1, we replaced the indicator function 1(_., ¢ by a smooth function f. Now,
we further replace f with a very particular choice: the complex exponential.

Lemma 3.2 (Smoothed discrepancy via characteristic functions). There exists a probability
density function @, which is also a Schwartz function, with the following property. Consider
a smoothed version of the indicator function of (—oo,0]:

f= 1(—00,0] * Q.
Let X and Y be random variables. Then we have for any € > 0:

Ef(Xg—a> _Ef<ye_a)‘ - /11/; EeitX;Ee“Y

dt.

sup
a€eR

Proof. Step 1. Choosing a smoothing function. By translation and dilation, we can assume
that a = 0 and € = 1, so it suffices to prove the following version of the conclusion:

1 itX ity
Ee"* —Ee
Es(0-EfY) < [ |2
-1

Choose any probability density function ¢, which is also a Schwartz function, and whose
Fourier transform is supported in the interval [ — 1/(27),1/(27)].

(Why does such ¢ exist? Take any even Schwartz function 1 supported in [—1/47, 1/47]
and satisfying fR¢(m)2 dr =1, and set

dt.

p(t) = ().
Since v is even and Schwartz, 121\ is real-valued and Schwartz, so ¢ is nonnegative and Schwartz.
Moreover, Plancherel identity (2.3) gives [p1(t)2dt = [p(z)*dz = 1, showing that ¢ is
a probability density function. Finally, we have ¢ = v % 1¢: to see this, first apply the

convolution theorem (2.4) and then the Fourier inversion formula (2.2), noting that 1 is
even. Thus, ¢ is supported on [ — 1/(27),1/(27)].)
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Step 2. Bounding the Fourier transform. Since the function f approaches 1 at —oo, it is
not integrable. To fix this, let us consider the integrable function

v =10 % o

Since the indicators 1(_ g increase to 1(_ o] pointwise as M — oo, the monotone conver-
gence theorem implies that the functions fjs increase to f pointwise. Another application of
the monotone convergence theorem yields

Efu(X) = Ef(X), Efu(Y)=EfY) as M — oco. (3.5)

We claim that

1 1

~ 1
5o o) and [fu(®)] < . teR (3.6)

f/}\\é/ is supported on [ — ]’
71'

Indeed, the convolution theorem (2.4) shows that fj\\/[ = 1(/,M\70] - @. Now,

627ritM -1

so L )] < m

0
_— , — 1
1, 1) = —27r1t:cd _ ’
S0 = [ e =
Moreover, by construction, |@(¢)| vanishes outside [ — 1/(2m),1/(2m)]. It is bounded by
Jzle(x)| dz = 1 since ¢ is a probability density function. Combining these bounds proves the
claim.

Step 8. Integrating. Using the inverse Fourier transform formula, we can write
Efu(X)=E / 2MX F () dt = / E [e2™X] Far(t) dt
R R

by Fubini theorem (note that fas is Schwartz by construction, so f]\\4 is Schwartz, too). Write
the same for E fy/(Y), subtract and use Jensen’s inequality to get

IE fr(X) — E far (V)] < /R\Eem'tx — B || far(t)| dt

V@m |
< / |Ee™d —Ee™ | . —dt (using (3.6)).
—1/(2r) m|t]

Make the change of variable s = 2xt, take limit as M — oo using (3.5), and the proof is
complete. O

Combining Lemmas 3.1 and 3.2, we immediately obtain

Theorem 3.3 (Esseen’s smoothing inequality [5]). Let X and Y be random variables. As-
sume that the probability density function of Y is bounded by M. Then we have for any
e>0:

1/e E itX — | ity

; dt +CMe.

sup|P{X Sa}—IP’{YSa}‘ §2/
a€R —1/e

Here C is an absolute constant.
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4. CHARACTERISTIC FUNCTIONS

Esseen’s smoothing inequality (Theorem 3.3) reduces the problem of approximating a
cumulative distribution function P{X < a} to approximating the characteristic function
E e"X. So, what can we say about the characteristic function?

Lemma 4.1 (The characteristic function of a random variable). Let X be a random variable
with

EX =0 EX?=02 EX]?=/%<o. (4.1)
Then
E e = exp ( — 5 +O(p’t )> whenever |t| < — (4.2)
p
and

242
‘Eeitx‘ < exp ( _or
2

In the statement and proof of this lemma, we use the O(-) notation to hide factors that
are bounded by absolute constants. Precisely, O(a) stands for fa where 6 is some quantity
that satisfies |#] < C, where C is an absolute constant. The quantity § and the constant C
may change from line to line.

+ O(p3t3)) for any t€R. (4.3)

Proof. Step 1. Approximating the exponential function. To prove (4.2), write a Taylor ap-
proximation of the exponential function:
2
; T 1
e’ =1+ir— 5 T foz®  for some Oy = O (x) satisfying |6p| < 6

(This holds since the third derivative of ¢ is bounded by 1 in modulus.) Substitute x = tX
and take expectation to get

?E X2

Ee™X =1+ itEX — + 2 E[o X ]

for some random variable 6y satisfying |6y| < % pointwise. Using the assumptions (4.1), we
get

EetX =1 — 022752 + 0p3t3  for some 6 = O(z) satisfying || < é (4.4)
For convenience, let us rewrite this as
EeX =1— % +0b, where a=0c%t? and b= p3t3, (4.5)
and note that
a® < |p| < 1. (4.6)

(The second inequality follows from the assumption [t| < %. To check the first inequality,

note that o < p by Jensen’s inequality, so a? = o*t* < p*t* = |b|*/3 < |b].)
Step 2. Linearizing the logarithmic function. Now write a Taylor approximation of the
logarithmic function:

In(1 + ) =2+ O(x?) whenever |z| <

[SCRIN )

We can use this for z :== —% + 6b, since (4.6) and (4.4) guarantee that [z| < 5 + 1 = 2. We
get

1n(1—%+9b) :—g+06+0<(—%+96)2).
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Expanding the square and letting the O(-) notation absorb the factors bounded by absolute
constants, we conclude that

In (1 - g + Hb) - —% +0(b) + O(a2) + O(ab) + O(b?) = —% +O(b),

where the last step follows from (4.6). Recalling (4.5), we see that we proved that

it X o’t? 3.3
In (Ee"™*) = —T—FO(p %),

as claimed.
Step 3. Deducing the bound (4.3). In the range |t| < %, the bound (4.3) follows from (4.2).
And if |t| > %, the bound is nearly trivial. Indeed, since |¢?*| = 1 holds pointwise, we have

IE ¥ < 1.
On the other hand, o < p and plt| > 1 yield 0t?/2 < p*t2/2 < p3|t|3, so
ot?
exp (= T+ 1) = exp(0) = 1,
and (4.3) follows. O

Remark 4.2 (No approximation everywhere). One might ask whether the bound (4.2) could
hold for all ¢ € R, in which case we won’t need the separate bound (4.3). This is false in
general. For instance, a characteristic function E e**X may have compact support; then the
left-hand side of (4.2) vanishes for large |¢|, while the right-hand side remains positive.

Our next goal is to approximate the characteristic function of a sum of independent random
variables. To do this, we will multiply the bounds from Lemma 4.1 to obtain:

Lemma 4.3 (The characteristic function of a sum). There exist absolute constants C,c > 0
so that the following holds. Let X1, ..., X, be independent random variables that satisfy

EXy =0, EX?=o0} E|X;]>=p} <.
Assume that

n n
Za,% =1 andlet p= sz
k=1 k=1

Then the sum S, := X1 + --- + X,, satisfies

’Eeitsn _ 67t2/2’ < Cp3|t\3e*t2/4 whenever |t| < %
p

Proof. Step 1. Assume that |t| <
and get

%. Then |t| < Pik for each k, which allows us to apply (4.2)
ot

E Xy (
e exp 5

+ Qkpzt?’) for some 60y = 0;(t) satisfying |0x| < C.

By independence, this yields

n 2
E eitSn = H Ee!X* = exp ( - % + 9p3t3) for some 6 = 0(t) satistying |0| < C.
k=1
Therefore
’]EeitSn _ e—tz/Q‘ _ e—t2/2’€0p3t3 _ 1‘ < Clp3|t|3e_t2/2

)
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and we are done. (The last bound follows once we apply the Taylor approximation of the
exponential function |e* — 1| < |z|el*! for 2 := p3t® and note that |z| < C' by assumption on

t)

Step 2. Assume that % <t < p%. Arguing similarly to Step 1, but applying (4.3) instead,
we obtain

. 2
}IE e’tS”‘ < exp ( -3 + 9p3t3) for some 6§ = 0(t) satistying |0| < C.
Choosing the absolute constant ¢ > 0 in the assumption on ¢ small enough, we can make sure
that 0p3t3 < ¢2/4. This gives
|Eeit5’n‘ < 67t2/4.
Hence, by triangle inequality, we conclude that

B — 72| < e 2 < gpPape I,

since p?[t|*> > 1 by assumption. The lemma is proved. O

5. PROOF oF THEOREM 0.1

Now we are ready to prove the Berry—FEsseen theorem, Theorem 0.1. Set

n
PP = EIXif.
k=1

Apply Esseen’s smoothing inequality (Theorem 3.3) with X = S,,, Y = G, and 1/e = ¢/p>.

Since the density of G is bounded by an absolute constant and its characteristic function

—t2/2

equals e , we obtain

c/p? Eeitsn o eft2/2

dt + 01,03.

sup‘}P’{Sn <a}-P{G< a}‘ < 2/

a€R —c/p3

Now substitute the bound on the characteristic function of S, given by Lemma 4.3. We get
o0
sup‘IP’{Sn <a} -P{G < a}‘ < C’2p3/ e M dt + Cp® < Cyp?.
a€R —00

The Berry—Esseen theorem is proved. O

PART II. THE PROOF BY STEIN’S METHOD

This part is also self-contained. It restarts from the proof strategy and develops its own
smoothing lemma, Stein equation, and inductive argument. Nothing from Part I is used.

6. THE PROOF STRATEGY

We begin with a bird’s-eye, non-rigorous sketch of the proof of Theorem 0.1.
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6.1. Smoothing. We begin by writing the cumulative distribution function of S, as
P{Sn < a} = E]-{Snga}- (61)

The indicator function o — 1,4 is difficult to handle analytically because it jumps from 1
to 0 at a. To soften this jump, fix € > 0 and define the following e-smoothing function at a:

1, r < a, 1
ha(x) = 1—36;&, a<z<a+e, i\ (6.2)

a a-+¢

This function decreases linearly from 1 to 0 over the interval [a,a + ¢]. With this smoothing
function, (6.1) becomes

P{S, < a} ~ Ehy(Sy).

Lemma 7.1 makes this approximation rigorous and records the error introduced by smoothing.

6.2. Gaussian integration by parts. Let ¢(z) = (277)_1/26_””2/2 denote the standard
normal density. Since ¢'(z) = —xp(x), integration by parts gives

E f/(G) = /R F(@)p(e) d = /R () p(x) dr = EGF(G)

for every continuously differentiable function f such that f and f’ are bounded. Thus, if S,
were Gaussian, the difference

would vanish. Stein’s method turns this observation around: if (6.3) is small for suitable
functions f, then S,, is approximately Gaussian.

6.3. Stein’s ODE. Consider the following ordinary differential equation, which we call
Stein’s ODE:

f'(z) —xf(z) = h(z) — Eh(G), where G ~ N(0,1), (6.4)

where h = h, is the e-smoothing function (6.2). Suppose for the moment that this ODE has
a well-behaved solution f; we will verify this in Sections 8 and 9. Substitute x = 5,, and take
expectations:

E f'(S,) —ES,f(Sn) =Eh(S,) — Eh(G). (6.5)
Together with smoothing, this identity suggests that
P{S, < a} — P{G < a}’ ~ ‘E h(Sy) —E h(G)‘ - ‘E S f(Sn) —E f/(Sw)].
Our new task is therefore to show that
E S, f(Sn) =~ E f'(Sy). (6.6)

We have reduced the problem to estimating a quantity intrinsic to the sum S,,.
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6.4. Expansion. Let us unpack the key quantity
E S, f(Sn) =D EX)f(Sn) (6.7)
k=1

and estimate its terms separately, beginning with E X, f(S,,). The factors X,, and f(S,,) are
not independent because S, contains X,,. Let us isolate this summand:

Sn =51+ X,

The fundamental theorem of calculus gives
1
f(Sn) = f(Sn-1) + Xn/ F(Sp_1 4+ tX,,) dt.
0

6.5. Approximation. Multiply both sides by X,, and take expectations:

1

EX,f(Sh) = EXnf(Sn-1) +]EX,%/ F(Spo1 +tX,)  dt (6.8)
— —
=0 by independence 0 ~f/(Sn—1) if f" is controlled
~EX2f (S, 1) (6.9)
= 02K f'(S,_1) (by independence, denoting o7 = E X?)
~o2E f'(S,) (if f” is controlled). (6.10)

The same argument applies to every term, giving
E X f(Sp) ~ i E f'(S,), k=1,...,n.

Summing these estimates and using (6.7), we obtain

n

E Sy f(Sn) ~ U%Ef/(sn) =E f'(Sn)

because the variances o7 = Var(Xj) sum to 1. This is precisely (6.6), and it completes the
heuristic “proof”.

6.6. How to make this rigorous? Apart from smoothing, which we handle in Section 7,
the heuristic argument relies on one unverified approximation:

F(Sn—14+y) = f'(Sn-1). (6.11)

We used this approximation in (6.8) for y = tX,, and in (6.10) for y = X,,. To verify this
approximation, it is enough that y is small (which is intuitively true: X, is just one term of
a large sum S,,, so we expect it to be relatively small on average) and that f” is controlled.
Here, f” is the second derivative of a solution to Stein’s ODE (6.4). We solve the ODE
explicitly in Section 8 and study its solution in Section 9. This leads to Lemma 10.2, a
rigorous version of (6.11).
We now carry out these steps.
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7. SMOOTHING
We can write the cumulative distribution function of a random variable X as
P{X < a} =E 1(,00’(1] (X)

We approximate the indicator function 1(_, 4 by the e-smoothing function h, defined in
(6.2). For the moment, think of ¢ as a fixed small quantity. We will eventually choose
e =C>}_ E|Xy|?, which gives the error in the Berry-Esseen theorem. We first record the
error introduced by smoothing.

Lemma 7.1 (Smoothing). Let h, be the e-smoothing function at a, and let X and Y be
random variables. Assume that the probability density function of Y is bounded by M. Then

sup|P{X < a} — P{Y < a}‘ < sup’E ha(X) — Eha(Y)] + Me.
acR a€R

Proof. Note the pointwise inequality
1(—ooa) < ha < 1(ooavte]- (7.1)
Then
P{X <a}—-P{Y <a} <P{X <a}-P{Y <a+e}+ Me
=E1_oq(X) —El_rarq(Y)+ Me
S Ehe(X) —Ehe(Y) + Me.
For the reverse bound, apply (7.1) with a — ¢ in place of a. The same argument gives
P{Y <a} —P{X <a} <Ehgre(Y) —Ehge(X)+ Me.
Combining the two bounds completes the proof. O

8. SOLVING STEIN’S ODE

Fix a bounded continuous function h : R — R and consider Stein’s ODE (6.4), restated
here:
f'(x) —xf(z) = h(z) — Eh(G), where G ~ N(0,1). (8.1)

We solve this ODE by the method of integrating factors. Multiplying both sides by e=’/2
gives

g2 ! g2
(721 (@) =2 (h(2) ~ ER(G)).
The fundamental theorem of calculus now gives

e 12 f(z) = /_ ; e /2 (h(y) _E h(G)) dy + C.

Setting C' = 0, we obtain the canonical solution

Fla) = /2 / 6_92/2<h(y)—Eh(G)> dy. (8.2)
Any other solution differs from this one by Cer’/ 2 so the canonical solution is the unique

bounded solution. Moreover, the total integral is zero:

1 0 —y2 B o
m/_we /2<h(y)—IEh(G)> dy =Eh(G) —Eh(G) =0,
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and therefore we may rewrite (8.2) as
Flz) = —e*/2 / 6*92/2(h(y) - Eh(G)) dy. (8.3)

9. PROPERTIES OF THE SOLUTION OF STEIN’S ODE

The two formulas (8.2) and (8.3) give three simple bounds on the canonical solution of
Stein’s ODE.

Lemma 9.1 (Bounds on the solution of Stein’s ODE). Let h : R — [0,1] be continuous.
Then the canonical solution (8.2) of Stein’s ODE (8.1) satisfies, for every x € R,

f@l<2  Jef@) <L [f@)<2 (9.1)
Proof. First, assume that x > 0. Since 0 < h < 1 everywhere, (8.3) gives

‘f(l’)’ < EIQ/Q/ e_y2/2 dy = / e—zt—t2/2 dt

T 0
by the change of variables y = x + t. Dropping the term —at gives

fl< [ et f <o,
0 2

proving the first bound in (9.1) for 2 > 0. Dropping the term —#2/2 instead gives
oo
1
f@l< [ eti=
0 X

proving the second bound in (9.1) for x > 0. For < 0, the same argument applies using
(8.2) in place of (8.3).
Finally, Stein’s ODE (8.1) and the triangle inequality give
[f'(2)] < | f(2)] + |h(z) — ER(G)].

The first term on the right is bounded by 1, as proved above. The second is also bounded by
1 because the range of h is [0, 1]. Hence |f'(x)| < 2. O

We return to (6.11), where we need to show that f’ varies slowly. For this, we examine f”.
We now specialize to the functions needed in the proof. Let h = h, be the e-smoothing
function at a defined in (6.2). This function is differentiable except at a and a + ¢. Differen-
tiating Stein’s ODE (8.1) gives
f(@) = f(z) + 2f'(x) + W (2)
whenever © # a,a +¢e. By (9.1), |f(z)] < 2 and |f/(z)] < 2, while h/(z) = —%l[a@%](x)
wherever the derivative exists. Thus

1
[f"(@)] < 2+ 2]z] + “Liao+e] (2)- (9.2)

A bound on f” controls the increments of f’. Indeed, the fundamental theorem of calculus
ol
gives

4y 1
fatn-f@=[ o=y s
T 0
More precisely, the smoothing function h = h, is Lipschitz and f is continuously differentiable. Hence,

by (8.1), f' = zf + h — Eh(G) is locally absolutely continuous. It follows that f” = f + zf’ + h’ almost
everywhere, and the fundamental theorem of calculus applies to f’.
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Thus,
1
Pty - F@)] <y / (@ + sy)| ds.
0

Substituting = + sy for = in (9.2) and using |z + sy| < |z| + |y|, we obtain

1 /!
Pt n) = @<yl (242 4200+ L [ st m)ds). 03
This simplifies to the following deterministic bound.

Lemma 9.2 (A deterministic increment bound). Let h = h, be the e-smoothing function at
a, defined in (6.2). Then the canonical solution (8.3) of Stein’s ODE (8.1) satisfies for all
z,y € R:

1
Fatn) = @l <aul (L4l + 2 [ Tpasalo+ ) ds) (9.4
0

Proof. If |y| < 1, the conclusion follows from (9.3) after replacing 2|y| by 2. If |y| > 1,
the left-hand side of (9.4) is bounded by 4 by (9.1), while its right-hand side is at least
Aly| > 4. O

10. PREPARING THE INDUCTION

We will soon average the deterministic increment bound over the partial sum S,,_;. But
before that, let us introduce the error term in Berry-Esseen theorem we want to bound:

Definition 10.1 (The error in the Berry—Esseen theorem). Let §,(p) denote the infimum of

all 6 > 0 such that
sup‘IP’{Sn <a} -P{G < a}’ <0
a€R

whenever S, = X1+ --- + X,, is a sum of independent random variables satisfying

n n
EX,=0 > EX7=1, Y EIX; </ (10.1)
k=1 k=1

Our goal is to prove that?
Sa(p) < Cp? (10.2)

for every n and p, where C' is an absolute constant.
We may restrict ourselves to the case where no single summand accounts for more than
half of the total variance:

1
EX? < 3 for every k =1,...,n. (10.3)

Indeed, if EX,? > % for some k, then

n
1
Y EIXP > EIX P > (EXD)Y? > 2792 > 5
j=1
Since 0, (p) < 1 holds trivially, the desired bound (10.2) is then immediate as long as we
choose C' > 3. Thus, it remains to consider the case (10.3).

We are now ready for a rigorous version of the key approximation (6.11).

2Here and throughout the rest of the proof, the notation a < b means a < Cb for an absolute constant C'.
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Lemma 10.2 (An averaged increment bound). Let h = h, be the e-smoothing function at a
defined in (6.2), and let f be the canonical solution (8.2) of Stein’s ODE. Suppose that

Sp=X14+...+ X, n>2,

is a sum of independent random variables satisfying (10.1) and (10.3). Then, for every fized
yeR,

On—1(2
B|7(Su1-+) — (o] < Clyl (14 222,
Proof. Apply Lemma 9.2 with z = 5,,_1 and take expectations:

1
E|f'(Sn—1+y)— f’(Sn,l)‘ < ly (1 + E|Sp—1] + 33/0 P{Sn_1+ sy € [a,a+¢]} ds) (10.4)

By Cauchy—Schwarz,

E|S,_1| < v/Var(S,_1) < v/Var(S,) = 1. (10.5)
It remains to bound P{S,_1 + sy € [a,a +¢]}. Set

N |

n—1
02 = Var(S,_1) = ZEX,? >
k=1

where the last inequality follows from (10.1) and (10.3). Thus, S,—1/0 is a sum of n — 1
independent mean-zero random variables X /0. Their second moments sum to 1, and the
sum of their third moments is at most (p/c)®. Comparing the distribution functions at the
two endpoints of the interval introduces two error terms. Therefore,

P{Sn_1+ sy € [a,a+¢e]} =P{S,_1/0 € [b,b+¢e/o]} (where b= (a—sy)/o)
<P{G € [b,b+¢/o]} +26,—1(p/c) (by Definition 10.1)
S e+ n-1(2p)

because o > 1/2 and the density of G is bounded by an absolute constant. Substituting this
estimate and (10.5) into (10.4) gives

1
|7 Sucs +0) = F50-)] Sl (14 2+ duan)).
which proves the lemma. O

The appearance of §,,_1 is the key. We have used the quantity we want to estimate, but
with one fewer summand, so induction on n becomes possible.

11. ProoOF oF THEOREM 0.1

We now combine smoothing, the averaged increment bound, and induction on the number
of summands. For each a € R, let h, be the e-smoothing function at a defined in (6.2), and
let f, be the corresponding canonical solution (8.3) of Stein’s ODE. Then

sup|P{S,, < a} — P{G < a}‘ < sup|E ha(Sn) — Eha(G)‘ +Ce
a€R a€eR

= sup|E S, fa(Sn) — E £.(Sy)
acR

The first step is Lemma 7.1; the second is Stein’s ODE, as in (6.5).

+ Ce. (11.1)
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Fix a € R and suppress the subscript in f,. We again unpack the key quantity

ESnf(Sn) =Y EXipf(Sn). (11.2)
k=1
Set
ol =EX}.
Expanding f(S,) around S,,—1 as in the heuristic argument (6.8)—(6.10), we obtain
[EX0f(Sa) 02 Ef/(Sn)| < A+ B, (10.3)
where
1
A= EX,%/ F(Sno1 +1X,) — f’(Sn_l)’ dt;  B=o,E|f(5)— f’(Sn_l)‘.
0
(A is the approximation error in (6.9), and B is the approximation error in (6.10).)
To bound A, condition on X,, and write E,[-] := E[- | X,;]. The law of total expectation
gives
1
On—1(2
A=E |:X721/ E, f/(Snfl +tX,) — f,(Snfl)‘ dt] < E|Xn|3 <1 + 1(P)> .
0 \W;/ 9
<|Xn|(146,—1(2p)/€) by Lemma 10.2 =P
Similarly,
2 / / 2 5n—1(2p)
B =02E [En F'(Snet + Xn) — £'(Sn1) } <2E|X,| 1+ 2R
—— 9

N <p3
S| Xn|(146,—1(2p)/e) by Lemma 10.2 n

Here we used o, < p,, and E|X,,| < p,. Combining the bounds for A and B controls (11.3).
The same computation applies to every k: relabel the summands so that X} is last. Thus,

EX5f(S) ~ R E f/(5)] 5 o} (1 + W) .

Summing these estimates in (11.2) and using Y p_, 02 = 1, we obtain

on—1(2p)

n
f h that 3 < 3
- > or any p suc a Zpk_p

ES,1(5,) ~E 78] 5 (1+
k=1

This bound is uniform in @ € R. Substituting it into (11.1) and restoring the subscript a, we
obtain

suplF(5, < o)~ P@ < )| < (14 22)) o
acR

By Definition 10.1,

Sn(p) < Cp? (1 + + Ce.

Choosing ¢ := 10Cp?, we get

on—-1(2p)
10
where C’ > 1 is an absolute constant. This recurrence closes the induction. Assume that

Sn_1(p) < 5C"'p>  for any p.

5n(p) < C'p° +
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Then o
5C" - 8
5n(p) < C/PS + Tp
which verifies the induction step. The base case is immediate: d1(p) < 1, while the assump-
tions give

=5C"p® for any p,

P> EIX P> (BXT)P2 =1,
The Berry-Esseen theorem is proved. g
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