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Noncommutative solitons and intersecting D-branes
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We construct intersecting D-branes as noncommutative solitons in bosonic and type II string theory. ‘‘De-
fect’’ branes, which are D-branes containing bubbles of the closed string vacuum, play an important role in the
construction.
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I. INTRODUCTION

Brane configurations that contain a tachyonic mode
unstable and will decay. The decay modes vary dependin
the unstable D-brane configurations involved~see the re-
views @1–3#!. In bosonic string theory, all D-branes are u
stable. The tachyon on the brane may condense to solit
solutions of the open string tachyon field theory. These s
tons have been noted to correspond to lower dimensio
unstable D-branes@4,5#. In type II super-strings, there ar

stable tachyon vortex solutions arising from DD-̄brane anni-
hilation @6,7# corresponding to codimension-2 stab
Bogomol’nyi-Prasad-Sommerfield~BPS! D-branes.

It was noticed @8,9# that the construction of solitonic
D-brane solutions is remarkably simplified in the presence
an infinite nonzeroB field. The tachyon field theory become
noncommutative and, using the operator formalism,
D-brane solutions, now noncommutative~NC! solitons@10#,
are easily constructed. These NC solitonic D-brane soluti
have since been improved to allow for an arbitrary nonz
finite B field @11#.

In this paper, we present new decay modes of unsta
brane configurations in the presence of a nonzeroB field.
Our aim is to construct decay modes within the context
the NC operator formalism corresponding to intersect
brane configurations. The intersecting branes we construc
have a nonzeroB field in their world volume.

In Sec. II, we carry this out within the context of boson
string theory, using as a specific example the decay of
stable D25-branes. We find that configurations of two int
secting D(p22)-branes can be constructed only from t
decay of two or more Dp-branes. Starting from one
Dp-brane, one can obtain perpendicular brane configurat
consisting of D(p24)-branes plus defect D(p22)-branes.
Defect branes are D-branes containing bubbles of the clo
string vacuum. The defect Dp-brane soliton is time indepen
dent and asymptotically approaches the solution of
Dp-brane. We conclude the section by constructing nonp
pendicularly intersecting D-branes.

In Sec. III, we extend our results to the type II supe
strings. Special to the superstring case is that perpendicu
intersecting brane configurations can be constructed from
decay of a single Dp-D̄p system. In particular, it is possibl
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to obtain a D(p22)-brane perpendicularly intersecting
D̄(p22)-brane from the decay of a single Dp-D̄p brane
configuration.

In labeling coordinates, we will letxi denote the noncom
mutative directions,xa the commutative directions, andxm

all the directions.

II. D25-BRANES DECAY MODES

A. Action and conventions

The effective action for the tachyon fieldf and the U~1!
gauge field in the presence of a nonzeroB field in Euclidean
space is

S5
c

gs
E d26xH V~f21!Adet@g12pa8~B1F !#

1
a8

2
Ag f~f21!gmn]mf]nf1¯J , ~2.1!

where we have left out higher derivative terms.V andf are
written as functions off21. f has been defined such th
at the local maximumf50, V(21)51, and at the local
minimumf51, V(0)5 f (0)50. Thus, the tension of a D25
brane with zeroB andF fields isT255c/gs . With a nonzero
B, the tension contains an extra factorT258
5T25Adet(g12pa8B).

As shown in@12,13#, the presence of a constant nonzeroB
field can also be incorporated in the effective action by m
ing the space coordinates noncommutative, i.e.,@xi ,xj #
5 iQ i j with ordinary products replaced by* products. In this
description, the closed string metric and coupling are
placed by the open string metricGi j and couplingGs . The
gauge symmetry becomes the noncommutative U~1! with the
tachyon transforming in the adjoint representation and
noncommutative field strengthF̂ appearing only in the com
binationF̂1F, whereF is an additional parameter. Makin
the choiceF52B, the relations between closed and op
string variables for a maximum rankB field are given in
Euclidean signature by

Q5
1

B
,

G52~2pa8!2B
1

g
B, ~2.2!
©2001 The American Physical Society04-1
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Gs5gs det~2pa8Bg21!1/2.

IntroducingCi5Q i j
21xj1Ai and recalling that the derivativ

is defined in NC theories as] i f 52 iQ i j
21@xj , f #, we write

Dif5] if2 i @Ai ,f#52 i @Ci ,f#,

F̂ i j 1F i j 5] iAj2] jAi2 i @Ai ,Aj #2Bi j 52 i @Ci ,Cj #.
~2.3!

Therefore, the Euclidean noncommutative effective act
for a maximum rankB field can be written as

S5
c

Gs
E d26xH V~f21!Adet~Gi j 22pa8i @Ci ,Cj # !

2
a8

2
AG f~f21!Gi j @Ci ,f#@Cj ,f#1¯J , ~2.4!

with equations of motion

df: V8~f21!AM2
a8

2
AGGi j $ f 8~f21!@Ci ,f#@Cj ,f#

12@ f ~f21!@Ci ,f#,Cj #%50,

dCi : 22p i @Cj ,V~f21!AM ~M 21! j i #

2AGGi j @f, f ~f21!@Cj ,f##50, ~2.5!

whereMi j 5Gi j 22pa8i @Ci ,Cj #.
Although we will carry out calculations throughout i

Minkowski space and with a nonmaximum rankB field, Eq.
~2.4! times an overall minus sign is the action we will us
This is appropriate because all solitonic solutions presen
in this paper are independent of the commutative coordin
and have vanishingAa , the commutative components of th
gauge field. All solutions are also exact@14,11# in that each
satisfies Eq.~2.5! and also@Ci ,f#50 and †Ci ,@Cj ,Ck#‡
50. The last two conditions ensure that higher derivat
terms in the action~2.4! do not affect the equations of motio
and the energy of the solution.

Working in the NC operator formalism, fields on noncom
mutative space become operators acting on an auxil
infinite-dimensional Hilbert space with dependence only
the commutative coordinates. With a nonzeroB field in only
two directions, the Hilbert space isH5L2(R) and we will
use as a basis the eigenstates of the simple harmonic o
lator. The projection operatorPn and the shift operatorSn are
defined forn>1 to be

Pn5 (
m50

n21

um&^mu, Sn5 (
m50

`

um1n&^mu, ~2.6!

satisfying the relations

Sn1
Sn2

5Sn11n2
, S̄nSn5I , SnS̄n5I 2Pn , ~2.7!

PnSn5S̄nPn50. ~2.8!
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For Q i j of rank 2p, the corresponding Hilbert space can
expressed as a tensor product ofp copies ofH. As an ex-
ample, forp52, operators act on the Hilbert spaceH^ H.
Projection operators on such a space are likewise obtaine
tensor products, for example,

Pn1

I Pn2

II [Pn1
^ Pn2

5 (
m150

n121

(
m250

n221

um1 ,m2&^m1 ,m2u.

~2.9!

Our notation is that the Roman number superscript on
operator will refer to the Hilbert space on which it acts. T
superscript is left out when there is no ambiguity. For
stance,P and S are taken to be, respectively, any gene
projection and shift operator acting on the whole auxilia
Hilbert space. Finally, integrals over noncommutative sp
are expressed in the operator formalism as

E d2px

Adet~Q i j !
→~2p!pTr. ~2.10!

B. D21-branes versus D23-brane with tangentialB field

To start, we discuss two types of exact solution turning
a nonzeroB field in four directions. We work in 2511
Minkowski space, takinggmn5hmn5(21,11, . . . ,11)
andB23,225B25,245b.0.1 From Eq.~2.2!,

u5Q22,235Q24,255
1

b
,

Gmn5diag~21,1, . . . ,1,b82,b82,b82,b82!, ~2.11!

Gs5b82gs ,

whereb8[2pa8b.
The soliton solution forN coincident D21-branes is give

by

f5I 2P, Ci5SQ i j
21xj S̄, ~2.12!

whereI is the identity operator andP is a rank-N projection
operator both acting onH^ H. S is defined as the operato
that satisfiesSS̄5I 2P andS̄S5I . This solution is an exac
solution by the solution generating technique described
@11#. We can check that this solution gives the right tensio2

Indeed, withAdet(Mij)5b84P1(b841b82)(I2P), the evalua-
tion of the action for this solution gives

1We takeQ i j to be skew diagonalized. Unless explicitly stated
in Sec. II E, we will setB23,225B25,24. Our results can easily be
extended to theB23,22ÞB25,24 case with no effect on our conclu
sions.

2We integrate the action to find the tension. In general, the n
commutative action may differ from the commutative action
total derivative terms@13#. In calculating the tension, these terms d
not contribute because for D-brane soliton solutions the tach
potential vanishes at infinity.
4-2
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S52
c

gsb82 S 2p

b2 D 2

b84V~21!TrPE d22xA2g

52NT25~4p2a8!2E d22xA2g52NT21E d22xA2g,

~2.13!

where we have used the relationTp2n5(4p2a8)n/2Tp . No-
tice that the tension is independent ofb. This is a conse-
quence of the background independence of the action, w
would be manifest if we had used the variablesXi5Q i j Cj
~see@15,16#!.

Now consider the soliton solution given by

f5~ I 2P1! II II ,

Ci5~S1Q i j
21xj S̄1! II II , i 524,25, ~2.14!

Ci5I I~Q i j
21xj ! II , i 522,23.

The tachyon field solution is exactly that of a single D2
brane solution withB23,22Þ0. Thus, Eq.~2.14! is the soliton
solution of a single D23-brane with tangentialB field in the
x22,23 directions. As a check, we take the solution of E
~2.14! and evaluate the action to obtain the expected res

S52
c

gs
~4p2a8!A11b82E d24xA2g

52T23A11b82E d24xA2g. ~2.15!

Here,Adet(Mij)5b83A11b82P1
I I II1(b841b82)(I 2P1)II II .

Notice that Eq.~2.14! cannot be generated by the solutio
generating technique of@11#. If instead we hadCi5(I
2P1)I(Q i j

21xj ) II for i 522,23 in Eq.~2.14! with the other
fields remaining unchanged, then the solution would be
infinite number of coincident D21-branes as it satisfies
general form of Eq.~2.12!. This solution demonstrates th
important role the gauge field plays in determining the int
pretation of NC solitonic brane solutions.~This issue was
also raised in@16#.! Note also that such a distinction betwe
12600
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an infinite number of D21-branes and a D23-brane with n
zero tangentialB field cannot be made in the limita8b→`
since terms withCi in the action~2.4! are negligible in this
limit.

C. Perpendicular brane configurations and defect branes

Since we have turned onB22,23 andB24,25, it seems plau-
sible that there may exist solitonic configurations where t
D23-branes intersect. The simplest configuration would
that of one D23-brane with transverse coordinatesx22,23 in-
tersecting with another D23-brane with transverse coo
natesx24,25. Here, each D23-brane contains a rank-2 tang
tial B field. Important to the NC branes construction is th
the tachyon operatorf must be of the formI 2P, whereP is
a projection operator of finite or infinite rank. This form
required to simplify the evaluation ofV(f2I ) in the action
andV8(f2I ) in the equations of motion. The solution of
single D23-brane in Eq.~2.14! suggests that a likely candi
date for a configuration of two perpendicularly intersecti
D23-branes which is also an exact solution is

f5~ I 2P1! I~ I 2P1! II ,

Ci5~S1Q i j
21xj S̄1! II II , i 524,25, ~2.16!

Ci5I I~S1Q i j
21xj S̄1! II , i 522,23.

This gives I 2f5P1
I I II1I IP1

II2P1
I P1

II , indeed a projection
operator. However, the presence of the term2P1

I P1
II naively

suggests that around the origin,3 where the branes intersec
the configuration might involve an additional D21-brane.
be more concrete, we evaluate the action for this configu
tion. For the solution of Eq.~2.16!, we obtain

V~f2I !5V~21!$P1
I P1

II1P1
I ~ I 2P1! II1~ I 2P1! IP1

II%,

Adet~Mi j !5b84P1
I P1

II1b83A11b82@P1
I ~ I 2P1! II1~ I

2P1! IP1
II#1~b841b82!~ I 2P1! I~ I 2P1! II ,

~2.17!

which gives
S52
c

gs
H ~4p2a8!21~4p2a8!A11b82

2p

b
@TrHI~ I 2P1! I1TrHII~ I 2P1! II#J E d22xA2g

52H T211T23

2pA11b82

b
@TrHI~ I 2P1! I1TrHII~ I 2P1! II#J E d22xA2g

52T21E d22xA2g22S T23A11b82E d24xA2g2T21

A11b82

b8
E d22xD . ~2.18!

3The functional representation ofP1 under Weyl correspondence isP1(x,y)52e2(x21y2)/u where@x,y#5 iu.
4-3
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LI-SHENG TSENG PHYSICAL REVIEW D 64 126004
The action calculation~2.18! clearly shows that the configu
ration is not that of two perpendicularly intersecting D23
branes. From Eq.~2.18!, the configuration is, however, natu
rally separated into three components—a D21-brane situ
at the origin plus two perpendicularly orienteddefectD23-
branes. The defect of the brane is apparent from the TrH(I
2P1) factor. If the factor was instead TrH(I ), then by the
trace-integral correspondence of Eq.~2.10!, we would have
two D23-branes in addition to a D21-brane. The presenc
P1 ~or in generalPn! can be thought of as a ‘‘bubble’’ of the
closed string vacuum within the unstable D-brane. This
be seen most clearly in takinga8b→`. Because of the open
string boundary condition, the D23-brane becomes a c
tinuous distribution of D21-branes in the presence o
rank-2 tangentialB field @13#. As observed in@9# and evident
from the last equality of Eq.~2.18!, a defect D23-brane in
this limit is simply a D23-brane with one~or in generaln!
D21-brane subtracted or decayed away. The decay of t
D21-branes into the closed string vacuum forms the bub

Indeed, the defect brane is an exact static solution for
nonzero value ofb. With only a rank-2B field turned on,
B25,245b.0, a defect D25-brane solution is simply

f5P1 , Ci5S1Q i j
21xj S̄1 , i 524,25. ~2.19!

This solution gives a nonzero field strengthF̂24,2552bP1 .
With Adet(Mij)5b82P11b8A11b82(I 2P1) and V(f2I )
5V(21)(I 2P1), the evaluation of the action gives

S52T25

2pA11b82

b
TrH~ I 2P1!E d24xA2g

52S T25A11b82E d26xA2g2T23

A11b82

b8
E d24xD .

~2.20!

In Eq. ~2.19!, both the tachyon field and the resulting fie
strength vanish asymptotically. Thus, far away from the o
gin, the defect D25-brane has the tension of a D25-br
with tangentialB field. In general, the defect Dp-brane soli-
ton is a nonconstant solution with the boundary condit
that it asymptotically approaches the value of a Dp-brane
instead of the closed string vacuum. The defect brane h
nonconstant tension that varies spatially in the noncomm
tive directions.4

We can intuitively understand the presence of def
branes in the decay of a single D25-brane into a perpend
lar brane configuration from the ‘‘semiclassical’’ viewpoin
As in Bohr quantization, we can roughly associate each p
jection operator with an area of the noncommutative spac
D23-brane would involve covering a sheet of noncommu
tive plane with projection operators such asP1

I I II . However,

4Note that the calculation in Eq.~2.20! does not give the tension
of the defect brane. In Eq.~2.20! and also Eq.~2.18!, we have
simply integrated the contribution of the ‘‘bubble’’ to the action
demonstrate the difference between defect branes and D-bran
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an intersection is an overlap region where there must be
projection operators present. But adding two identical p
jection operators never results in a projection operator. Th
the requirement thatf2I be a projection operator prohibit
the construction of two intersecting branes at least as a de
mode of a single D25-brane. One of the intersecting bra
must have a defect. Here, in our semiclassical descriptio
defect brane is a D-brane with a ‘‘hole.’’ As for the exa
solution of Eq.~2.16! consisting of two perpendicular defec
branes, the hole that results from the defect is filled with
D21-brane.

We leave to the reader straightforward generalizations
constructing defect branes with ‘‘larger bubbles’’ and oth
perpendicular configurations by turning on a higher rankB
field.

D. Perpendicularly intersecting D-branes

The above semiclassical argument requires that any in
secting D-brane solutions contain two projection operat
covering the same noncommutative region. This can be
tained by decaying two D25-branes. Simply put, with
rank-4B field turned on, two intersecting D23 branes is co
structed from two D25 branes by letting each D25 bra
decay into a D23 brane but with different transverse dir
tions. The fields now have Chan-Paton indices and ar
32 operator-valued matrices. The noncommutative act
with NC U~2! gauge symmetry now has an additional tra
over the U~2! representation and we take it to be

S52
c

Gs
E d26x TrH V~f21!A2det~Gi j 22pa8i @Ci ,Cj # !

2
a8

2
AG f~f21!Gi j @Ci ,f#@Cj ,f#1¯J , ~2.21!

Subtle issues of the non-Abelian Dirac-Born-Infeld~DBI!
action~see, for example,@17#! will not affect our discussion
below and will be ignored. Using Eq.~2.14!, the perpendicu-
larly intersecting D23-brane configuration is given by

f5S ~ I 2P1! II II 0

0 I I~ I 2P1! II D ,

Ci5S ~S1Q i j
21xj S̄1! II II 0

0 ~Q i j
21xj ! II II D , i 524,25,

~2.22!

Ci5S I I~Q i j
21xj ! II 0

0 I I~S1Q i j
21xj S̄1! II D , i 522,23.

Since the fields are all diagonal, one easily find that the
lution ~2.22! gives the expected tension, two copies of~2.15!.
As a nontrivial check, one can check for the presence of
ground state tachyonic fluctuation mode existing at the in
section. This mode corresponds to an open string connec.
4-4
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NONCOMMUTATIVE SOLITONS AND INTERSECTING D-BRANES PHYSICAL REVIEW D64 126004
the two branes with both ends at the origin. Indeed,
ground state tachyonic mode arises from the fluctuation
the off-diagonal mode,

df5S 0 bu0,0&^0,0u

b̄u0,0&^0,0u 0 D . ~2.23!

Details of the quadratic fluctuation of theb mode are given
in Appendix A 1. The mass of this mode is found to be

mb
25

1

a8
S 1

pb8
2

A11b82

b8
D

5
1

a8 F211
1

pb8
2

1

2b82 1OS 1

b83D G as b8→`.

~2.24!

As worked out in Appendix A 2, the expected mass from
first quantization calculation is

m25
1

a8 F211S 1

4
2

1

p2 tan22b8D G
5

1

a8 F211
1

pb8
2

1

p2b82 1OS 1

b83D G
as b8→`. ~2.25!

Comparing Eq.~2.24! with Eq. ~2.25!, one sees that we hav
agreement in the largeb8 limit to order 1/b8. This is as
expected since to obtain agreement to higher order wo
require working with higher derivative terms of the tachy
field in the effective action~2.21!. The exact form of these
higher derivative terms is not needed for constructing
exact solution but is essential for calculating the ex
masses of the fluctuation modes.

E. Nonperpendicularly intersecting branes

So far we have constructed only perpendicularly interse
ing D-branes. It is also possible in the operator formalism
obtain nonperpendicularly intersecting branes. We will de
onstrate this for the case of two intersecting D23-bran
This again requires working with the decay of two D2
branes. The solution we seek is of the diagonal form as
Eq. ~2.22!, but now with one D23-brane with transverse c
ordinatesx24,25 and the other D23-brane rotated relative
the first. Since before the decay the noncommutative fa
Q i j is the same on both branes, our goal is to rotate
D23-brane, keepingQ i j fixed.

As a rank-2 tensor,Q i j , with i , j 522, . . . ,25,transforms
under the SO~4! rotation in the four noncommutative direc
tions as

Q i j →Rk
i Rl

jQkl, ~2.26!

whereRj
i is an element of SO~4!. With R5e2 i eAJA, whereJA

are the SO~4! generators in the fundamental representati
the requirement thatQ i j is invariant gives the condition
12600
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@eAJA ,Q#50. ~2.27!

For Q22,235u andQ24,255u8 with uÞu8 and other compo-
nents zero, Eq.~2.27! breaks SO~4!5SU~2!3SU~2! down to
U~1!3U~1!. The U~1!’s correspond to separate rotations
the x22-x23 and x24-x25 planes. More interestingly, foru
5u8, the unbroken group is SU~2!3U~1!. Here, the U~1!
generator is proportional toQ5 iu(1I ^ s2) where 1I andsA
are the 232 identity matrix and the Pauli matrices, respe
tively. The SU~2! generators are then

J152 1
2 ~s1^ s2!, J25 1

2 ~s2^ 1I !, J352 1
2 ~s3^ s2!.

~2.28!

As an example, we will work out the rotation under theJ2
generator. This corresponds to a rotation by an anglew in
both thex22-x24 andx23-x25 planes, or

@R2# j
i 5S cosw 0 2sinw 0

0 cosw 0 2sinw

sinw 0 cosw 0

0 sinw 0 cosw

D . ~2.29!

The unitary transformation of operators under rotation is
termined byU†xiU5Rj

i xj . Using @xi ,xj #5 iQ i j , the unitary
operator associated withR2 is found to be

U25expS iw
x22x252x23x24

u D . ~2.30!

We now have the necessary ingredients to write down
solution of a D23-brane with transverse coordinatesx24,25

intersecting another D23-brane situated at an anglew in both
the x22-x24 andx23-x25 planes from the first. The solution i

f5S ~ I 2P1! II II 0

0 U2
†~ I 2P1! II IIU2

D ,

Ci5S Ci8 0

0 @R2# i
jU2

†Cj8U2
D , ~2.31!

having definedCi8 as the gauge field solutionCi in Eq. ~2.14!
for the single D23-brane with rank-2 tangentialB field. One
can check that forw5p/2 Eq.~2.31! becomes the solution o
the perpendicularly intersecting D23-branes of Eq.~2.22!.
This is most easily done working with the annihilation o
erators

a15
x241 ix25

A2u
, a25

x221 ix23

A2u
~2.32!

and their complex conjugate creation operators. As an as
this operator basis makes explicit that the unbrok
SU~2!3U~1!.U~2! rotation whenu5u8 is the U~2! symme-
try group of the two-dimensional isotropic oscillator.
4-5
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III. SUPERSTRING

In the bosonic theory, we have shown that in the prese
of at least a rank-4 tangentialB field, a D-brane can deca
into perpendicular brane configurations. These brane c
figurations consist of what we called defect branes in ad
tion to lower dimensional branes. To obtain configurations
intersecting D-branes requires the decay of at least two
incident D-branes.

Our results in the bosonic theory can be extended to t
II string theory. For the non-BPS D-branes, the results
similar to those of the bosonic theory with some subtlet
due to the tachyon potential having two degenerate min
~see@9,18#!. For the DD̄system, the situation is more com
plex in that the form of the noncommutative effective acti
for large field strengths is at present not well understood.5 To
sidestep this issue, we analyze the largeB field limit which
allows us to drop all derivative and gauge field terms. In t
limit, the noncommutative action for a type IIB D9-D9̄ sys-
tem is simply the tachyon potential,

S52
c

Gs
E d10xA2G$V~f̄f21!1V~ff̄21!%

~3.1!

where the potential is of a Mexican hat–like shape with lo
maximum atV(21)51 and minima atufu51. From string
field theory@21#, the tachyon solution must satisfy the part
isometry conditionff̄f5f. This is also a sufficient condi
tion for a solution to satisfy the equation of motion of~3.1!
with V(x)5(n52

` anxn. A solution corresponding tom D7-

branes andn D7-branes is given byf5SnS̄m @11#.6 Notice
that this gives

f̄f2I 52Pm , V~f̄f2I !5V~21!Pm ,

ff̄2I 52Pn , V~ff̄2I !5V~21!Pn . ~3.2!

The projection operator is again utilized to simplify calcu
tions. Turning on a rank-4B field, the arguments from Sec
II C imply that perpendicular configurations with defe
branes should also exist. For example, forf5S̄1

I S̄1
II ,

V(f̄f2I )5V(21)$P1
I (I 2P1)II1(I 2P1)IP1

II1P1
I P1

II%. To
be certain, one should find the solution for the gauge fie
which we have neglected in the infiniteB field limit, and
calculate the tension.
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One difference in the superstring case is that there e
solutions of D7-branes perpendicularly intersecti
D̄7-branes for the single D9-D9̄ decay. For a D7-brane pe
pendicularly intersecting a D7̄-brane, the tachyon solution i
simply f5S1

I S̄1
II . In the semiclassical language of Sec. II

the projection operators for the D-branes and D-̄branes exist
on separate noncommutative planes because the potent
Eq. ~3.1! consists of two terms, one associated with D-bran
and the other with D̄-branes. However, to obtain a configu
ration of two intersecting D7-branes requires the decay
two D9-D̄9 branes.
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APPENDIX A: GROUND STATE TACHYON MASS AT
THE INTERSECTION OF TWO PERPENDICULARLY
INTERSECTING D23-BRANES WITH TANGENTIAL

B FIELD

1. Soliton fluctuation

We provide details of the calculation for the mass of t
ground state tachyonic fluctuation mode. The variation
performed on the NC U~2! action of Eq.~2.21! with respect
to the perpendicularly intersecting brane solution of E
~2.22!. Finding the masses of all the fluctuation modes
highly nontrivial and will not be discussed here. The grou
state fluctuation mode comes from the variation of t
tachyon field as given in Eq.~2.23!. Explicitly, we have

f1df2I 5S 2P1
I I II bP1

I P1
II

b̄P1
I P1

II 2I IP1
II D , ~A1!

whereb is the complex fluctuation field of interest with de
pendence onxa, the 22 commutative coordinates. The pote
tial is assumed to be polynomial and have the formV(f
21)5(n52

` an(f21)n. This givesO(bb̄)
V~f1df2I !5S V~21!P1
I I II1

1

2
V9~21!bb̄P1

I P1
II

¯

¯ V~21!I IP1
II1

1

2
V9~21!b̄bP1

I P1
II
D . ~A2!

5Recently, the effective action for the DD¯system has been calculated in@19,20# using boundary string field theory.
6Here we choose the convention that the Ramond-Ramond~RR! charge of a D7 brane is11 and is given by the index off.
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We have left out the off-diagonal elements because they
not contribute to the overall trace of the action. This can
seen in that multiplying Eq.~A2! is the diagonal matrix

Adet~Mi j !5b83A11b2S P1
I I II 0

0 I IP1
II D 1~b841b82!

3S ~ I 2P1! II II 0

0 I I~ I 2P1! II D . ~A3!

As for varying the tachyon kinetic term, it is convenie
to work in the basis of annihilation and creation operators
Eq. ~2.32!. As is conventional, we denote the correspond
complex coordinates aszi and z̄i , respectively. The kinetic
fluctuation has the form given by

a8

2
AG f~f2I !GmnDmdfDndf

5
a8b84

2
f ~f2I !H 2

b

b82 (
i 51

2

~@Czi
,df#@Cz̄i

,df#

1@Cz̄i
,df#@Czi

,df#!1]adf]adfJ , ~A4!

where we have used Eq.~2.11! and noted that@Ci ,f#50 for
the brane solution~2.22!. A straightforward calculation gives

(
i 51

2

~@Czi
,df#@Cz̄i

,df#1@Cz̄i
,df#@Czi

,df#!

52S bb̄P1
I P2

II 0

0 b̄bP2
I P1

II D , ~A5!

and, moreover,

f ~f2I !5 f ~21!S P1
I I II 0

0 I IP1
II D ,

]adf]adf5S ]ab]ab̄P1
I P1

II 0

0 ]ab̄]abP1
I P1

II D .

~A6!

Using Eqs.~A2!–~A6!, the action forb up to O(bb̄) is
found to be

S52a8T21f ~21!E d22xH ]ab̄]ab1S 2b

b82

1
1

a8

V9~21!

f ~21!

A11b82

b8
D b̄bJ . ~A7!
12600
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By definition, V9(21)/ f (21)521 since f50 corre-
sponds to the D25 brane. Therefore, the mass of the gro
state tachyon is

mb
25

2b

b822
1

a8

A11b82

b8
5

1

a8
S 1

pb8
2

A11b82

b8
D ,

~A8!

where in the second equality of Eq.~A8! we have usedb8
52pa8b. It is important to remember that this mass fo
mula has been derived neglecting contributions to the q
dratic fluctuations from the higher derivative terms of t
tachyon field in the effective action~2.4!.

2. Ground state mass from string quantization

For completeness, we work out the ground state mas
an open string stretching between two perpendicularly in
secting branes in the presence of a backgroundB field. The
open string is parametrized byt and s within the region
2`,t,` and 0<s<p. We will quantize the open string
that stretches from the D23-brane with transverse coo
natesx24,25 at s50 to the D23-brane with transverse coo
dinates x22,23 at s5p. For coordinatesxa, where a
50, . . . ,21,both open string end points satisfy the Neuma
boundary condition]sXa50. With nonzeroB fields in the
remaining coordinates, the open string boundary conditi
are either Dirichlet~D!, ]tX

i50, or mixed ~M!, h i j ]sXj

12pa8Bi j ]tX
j50, with

s50 s5p
X22,X23 M D ~A9!
X24,X25 D M

As in Sec. II D, we takeB23,225B25,245b.0 and letb8
52pa8b. The boundary conditions are diagonalized in t
linear combinations

Z15
1

&
~X221 iX23!, Z25

1

&
~X241 iX25!, ~A10!

and their complex conjugates. In these coordinates, Eq.~A9!
becomes

]sZ11 ib8]tZ
1us5050, ]tZ

1us5p50,

]tZ
2us5050, ]sZ21 ib8]tZ

2us5p50. ~A11!

The mode expansion is thus shifted and given by

Z15 i S a8

2 D 1/2

(
n52`

`

@ein1pe2 i ~n1n1!~t1s!

2e2 in1pe2 i ~n1n1!~t2s!#
an1n1

n1n1
,

4-7
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Z25 i S a8

2 D 1/2

(
n52`

`

@e2 i ~n1n2!~t1s!2e2 i ~n1n2!~t2s!#
an1n2

n1n2
,

~A12!

where bothn1 and n2 have range@0,1! and Eq.~A11! re-
quires that tann1p51/b8 and tann2p521/b8. The ground
state mass is therefore
y,’

.

ys

ig

n-

12600
m25
1

a8 F211
1

2
n1~12n1!1

1

2
n2~12n2!G . ~A13!

This expression can be simplified by lettingn15 1
2 2e and

n25 1
2 1e. We thereby obtain

m25
1

a8 F211S 1

4
2e2D G , tanep5b8. ~A14!
n-
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