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Abstract

We study the structure of warped compactifications of type IIB string theory to six space—time
dimensions. We find that the most general four-manifold describing the internal dimensions is con-
formal to a K&ahler manifold, in contrast with the heterotic case where the four-manifold must be
conformally Calabi-Yau.
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1. Introduction

Flux compactifications of st theory have attracted rolu attention ecently because
in such backgrounds, many longstanding questions concerning the connection of string
theory to the real world, are put in a new perspective. To name a few of their properties,
moduli fields can be stabilized at the string treedl and therefore in a calculable manner
[1,4,9,15,18,21]Supersymmetry can be broken without inducing a large cosmological
constan{2,13,18] and also a large hierarchy can be induced in a natural[®@ly In a
different context, flux backgrounds have been shown to provide gravity dual descriptions
to confining gauge theories (see for exanip@, 20)).
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Because of their importance for phenomenology, most of the recent work has been
concerned with fluxes in four-dimensiongdace—times. This papelteals with the less
studied case of flux backgrounds in six dimensions. We will see that in six dimensions,
flux backgrounds are consistent solutions of string theory and therefore interesting in their
own right. Moreover, since the internal manifolds are four-dimensional, the types of flux
solutions are very much constrained.

For heterotic theory, flux compactificatiots six dimensions were first considered al-
most twenty years ag@3] where a general analysis of string theory background te 2:0
dimensions with tensor fields acquiring an expectation value was given. However, it was
not until quite recently that eXjgit examples of this construction were found and the issue
of moduli stabilization could & addressed (see for exam[8¢7,9]). In [23] it was noticed
that backgrounds with torsion in the connection appear in a natural way with the torsion
being turned on by the three-form tensor fiégldsatisfying

1
a’H:trR/\R—%TrF/\F. (1.2)

In order to preserve supersymmetry, the internal manifold has to be a compiexifold
and the fundamental formy ; = ig,,; has to satisfy

93J = 3f—OTrF AF—itrRAR and d'J =i —3)log|l. (1.2)
Here w is a holomorphic(n, 0) form. The Yang—Mills field is required to satisfy the
Donaldson-Uhlenbeck—Yau equation in astonal background. These are the only con-
ditions that have to be satisfied and many flux compactifications to four dimensions have
been described in the literature.

Specializing to compactifications to simensional Minkowski space—time, the al-
lowed type of internal four-manifold is restricted. Indeed, as we will show, supersymmetry
can only be preserved if on the internal manifold, there exists a spinor that is covariantly
constant with respect to a conformally rescaled metric, i.e., a spinor which satisfies

V) e=0, (1.3)
where the covariant derivative is defined wilie spin connection of the rescaled metric.
The space-time metric will then be confiual to a Calabi—Yau two-fold (K3 oF 4).

In this paper we will study the compactification of type 1B supergravity to six dimen-
sions in the presence of brane sources. \Wd\sthe constraints on the space—time manifold
imposed by non-vanishing fluxes which can be a zero-form and a three-form tensor field.
The two tensor fields can be complex as opposed to the heterotic case in which they are
real. We will see that the most general four-manifold describing the internal dimensions is
conformal to a Kahler manifold, in contrast with the heterotic case where the four-manifold
must be conformally Calabi—Yau.



K. Becker, L.-S Tseng / Nuclear Physics B 707 (2005) 43-55 45

2. TypellB string theory compactified to six dimensions

The ten-dimensional type I1B supersymmetry transformations are

1 i i
IS - (VM - EQM>8 + @FNIWNSFNl...NspMS
1

_ 9_6(FMPQRGPQR _ 9FQRGMQR)B(1O)*S*’

1 1
SA:;FMPMB(]'O)*{B*—}—2—41—'MNPGMNP8. (2.1)

Here B19 denotes the ten-dimensional complex conjugation matrix. This factor does not
conventionally appear in the supersymmetansformations of the type 1B theory because
usually the Majorana basis is chosen whaf& = 1. But as will be apparent, this is not an
appropriate basis for dimensionallydigcing the fermionic variables to6 4 dimensions.

The ten-dimensional supersymmetry parameter is complex and satisfies the Weyl condition

o, _ (2.2)

We will consider configurations with a six-dimensional Poincaré invariance. The line
element is of the form

ds2=eZD77W dxtdx’ + e %Pg,, dy" dy", (2.3)

where Latin indices denote the internal four-dimensional coordinates while Greek indices
denote the six-dimensional Minkokisspace—time coordinates. Moreovér,= D(y) is
the warp factor depending on the coordinates of the internal manifold only. We have
arranged the powers of the warp factor for later convenience.

In constructing a space—time with six-dimesrsal Poincaré invariance, we set to zero
the following components of the tensor fields

P, = Qu = G;LMN = FNl...N5 =0 (24)

As a result supersymmetric configurations satisfy

i K ..
(vm - éQ,n)g - ﬂeGDFquerqu@O) g* =0,

jDe = %e6D¢B(10)*8*,
PBIO*e* — —%eGD@?, (2.5)

where we have rescaled the spiroaccording tos — e~3P/2%¢. As is implied by the
second equation ¢R.5), a non-constant warp fact@¥(y) requires at least one component
of Gunp being non-zero.

1 our notation mostly follows those d22] except we use a mostly positive signature convention for the
metric. See the appendices for a list of our conventions.
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Next we decompose the ten-dimensional spinors. We shall represent an anti-commuting
six-dimensional spinor as a pair of Weyl spinggs,fori = 1, 2, satisfying the symplectic
Majorana—Wey! condition

6) s+ +
rOgF =+g7,
Eij B(G)*(Sj-t)* = él.i. (26)

Here=+ indicates the six-dimensional chirality. In four dimensions we will only impose the
Weyl condition. The commuting four-dimensional Euclidean spinors are written similarly
as

r'nf =+n7,
e BV ()" =777 2.7)
However, we do not a priori impose the conditin= ;.

Under the decomposition of the Lorentz algeB&x9, 1) — SO(5, 1) x SO(4), a posi-
tive chirality spinor decomposes according to

161 — (44,24) +(4-,20).

For the supersymmetry parametahis decomposition can be written as
e=eV (&t ® ;7;L +& ®n;). (2.8)

First note that the decomposition is invariant underSah(2) transformation acting on
the spinor labels and j. Secondly, if we had sef; = n;, then BA9*¢* = ¢ and thuse
becomes a ten-dimensional Majorana—\Wey! spinor. Indeed, any condition rejatargl
n2 reduces the number of spinor degrees of freedom 2/ MNow, inserting(2.8) into
(2.5) we see that we obtain two independeanditions for each of the six-dimensional
chiralities. So we will relabel the spinors accordingltbz & andn}L =n; and work only
with a spinor of positive six-dimensional chirality. We thus set

8=8ijéi®nj and B(lo)*s*zsijé'i@ﬁj. (2.9)

Inserting the above decomposition into the supersymmetry variations we obtain that
supersymmetry can only be preserved if and only if the following conditions are satisfied

(vm - ;Qm)nj + gmil; =0, (2.10)
1

IDn; =~ S (2.11)

Isﬁj zgnj. (2.12)

Here we have introduced the dualized one-form figtd —%e6D(*G), or equivalently,

4
Gnp = _;e—ﬁ%mn,ﬂ 7 (2.13)

In the following we will use the condition&.10)—(2.12}o determine the form of the
supersymmetric background. First we note that by ugih@) we obtain the following
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result
tie 1y
n 7)j=§3 jUs (2.14)
wheren™ = ()T andv = '™, is a complex function. The covariant derivative on the
bilinear spinor is then
| 1, * ok
V(') = = 58" (gmv + g5,0")
=8 (0™ ymd D + 0" P Dy
=288, D™y, (2.15)
where in the second line, we have noted the following relation

.1 .
g ik = 50" (v + & vm) ik
= =™y D — 7™ Dy i
= —20™yd Dy (2.16)
obtained utilizing(2.11)and its complex conjugated form. Solvi(@15) we find

. 1 . .
nTl nj = ée4(DJrDo)81j + Alj» (217)

whereDg is a normalization constant amij is a constant traceless Hermitian matrix. We
can diagonalize on th&J(2) indices so that

. 1 .

Al = Ee“A((;g)’,-. (2.18)
Therefore a nonzerd’; is equivalent to; and »2 having different normalizations. If
present, an additional constraint

D> A— Do, (2.19)

must be imposed so that2y, > 0. This constraint effeitely sets a minimum value
for D.2
We now renormalize the spinors by defining

N1 =01, i1=a_i1,
N2 =0_A2, 02 =0{+5\2, (2.20)
where
1
ol = E(e4<D+D0> + M), (2.21)

The normalized spinork; then satisfy

ADFEI (2.22)

2 For another scenario where a bound for the warped factor occurf8]see
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An additional constraint ok; comes from the relation
ARy = eivs, (2.23)

whereg is in general ay-dependent function. This results frai@ 14)and the constraint
A 8%, which can be derived by applying the Fierz identity and @q12). Noting
thati; are two-component spinor&®.22)and(2.23)together imply that

5\1' =8,‘J'B(4)*()\j)* =ei(p)\,‘. (2.24)
The supersymmetry conditioif®.10)—(2.12fhen become

i o ;
(vm — =0 +3pn Ol+>)»l = __gmel(pkly
2 oy

(vm - %Qm + 9, In a)/\z = —z—Jrgmei"’kz, (2.25)
la . 1 .
IDA = _E‘;‘—ge”ﬂxl, JDAp = _Ezige”ﬂ,\z, (2.26)
+ —
Per1= Z—+g?»1, Pern = Z—;gf\z- (2.27)

Let us clarify the relationships of the various fields above. First, by considering the
expression(g, e’ ATy + g;,e‘”ﬂx\“Al) and performing a calculation similar {(@.16)
we obtain the relation

gme'? + g,*ne_i‘p = —28mD<a—+ + oc__> = _20(_+3m nNay = —2a—_3m nNo_.
a_ oy o oy
(2.28)

The above relation can also be derived simply from the const%\jmTixj) = 0. Second,
note thai(2.24)explicitly relates\; with A, up to a phase factagr that must be determined.
We can find the variation af by requiring that the two equations (#.25)are equivalent
given(2.24) This results in

1oy o- . .
o ==0n+ 57 (554 ) lone” 7). 2.29)

having applied(2.28)in the calculation. Now, with(2.28) and (2.29) we can simplify
(2.25)further to

i i
Vinh1 = (_Eam(p + EWm>)\l7

ks = (—’—amw - ;Wm)xz, (2.30)

1 a , .
W= 55 (55 2 e gi7). @3
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We now proceed to discuss the complex dinoe of the four-manifold. Consider the
triplet of almost complex structures

i -
)" = E(aA)fiﬂ’ V" A j (2.32)
for A=1, 2, 3. Using(A.12), it can be shown that
" (Ip)n? = —8488m" + €48 (J)m”. (2.33)

Furthermore(2.32) and (2.33) imply the metricg,,, on the four-manifold is Hermitian
with respect to each of the above alshoomplex structures; that is,
(JA)mk(JA)nlgkl = 8mn forA=123. (234)

The above three equations taken together define an almost hyper-Kéahler structure on the
four-manifold (see for examplg.7]). To be specific, we will take/ = J3 as the almost
complex structure on the four-manifold. With respect/tonve have the following g, ¢)-

forms

an =(J2+iJ1)mn» (2, 0),

Jmn = (-13)mn7 (1a 1),

an = (JZ - iJl)mn» (07 2) (235)
The covariant derivatives of the Hermitian foroh, and the complex 2-formg2, can be
easily obtained usinf®.30) We find

vp-lmn =0,

VpQun =—iWpQ2un, (2.36)
where$2,,, = —AlemnA2.3 From (2.36), we conclude that the four-manifold is not only
complex, but also Kahler. However, the manifold is Calabi-Yau if and onW,if,,, =
V, 82, =0 and in this case the manifold has a hypehler structure. This condition is

satisfied wherw,,, = 0.
The presence of a complex structure allows us to introduce holomorphic and anti-

holomorphic coordinates;, b, ... anda, b, . .., and takeJ,? = is,> and J;° = —isz.
The Kéhler form is related to the metric by

Jab = 18ap»
which implies

Yari =721 =0 and yzi2=y%=0. (2.37)
They can be applied #2.26)—(2.27}o give
go=—2"F 709, D, gz=-22"¢"%y;D, (2.38)
o_ (oA

3 We point out that in the intrinsic torsion classification of supersymmetric compactifications (see for example
[7,12,16), (2.36)implies that the only nonzero torsional cld&&] is Ws), = Jin" Wy



50 K. Becker, L.-S Tseng / Nuclear Physics B 707 (2005) 43-55

2 2
P, = —2<°‘—+> e 299,D,  Pi= —2<“—‘> e=299,D. (2.39)
o_ o4
Using both equations i(2.38) we obtain
gue’? — ghe ¥ _2<"‘_+ - “—‘>aaD. (2.40)
o_ o4

Therefore, ifay # o— andad,, D # 0 in a region on the internal four-manifold then
Im[gne'?] # 0 and the background geometry will be conformal to a Kahler but non-
Calabi—Yau manifold. The precise relation between and «_ is determined by the
constantA which is not fixed by the present analysis.

In the following we consider the special class of solutions with

Co=0 and Infgne'?]=0, (2.41)

whereCy is the R—R 1-form and the second condition implying= «_. From(B.2), we
know that in such backgrounds,

1
Q0n=0 and P, = Eam¢. (2.42)
With (2.29)—(2.31)these conditions imply
Ome =0, Vinh1 = V2 =0, W =0, (2.43)

or that the four-manifold is conformally Calabi—Yau. Furthermore, with real, (2.39)
implies solutions only fop = 0, % T, 37” We therefore have

&m = _zeii(pamD,

1 . 3
P = Z0md = —2e7293,,D, fore=0, =, 7, 2. (2.44)
2 2 2
The sourceless Bianchi identity fG#,,,, is
0mGrpgl = —PimG ppg- (2.45)

With Gpg ~ e ®Pey,," 8- as in(2.13) (2.45)implies
0= —dim(e %P enpq)” 9, D)
= _alm(g’7pq|rarD)
=0D, (2.46)
where in the second line, we have rescaled the metrig,to—= e‘Sngn, which leads
t0 Epnpg 8! = e‘SDsmnpng’. Foro =0, 7, gu, corresponds to the metric of the four-
manifold in the string frame. Herg,, is purely real and only the NS—NS 2-forBy,,, is
turned on (se€B.3)). This is indeed the result for NS 5-brar{é$. As forp = /2, 3r/2,
gm is purely imaginary and signifies the presence of D5- andfbranes. With sources,
(2.46)gets modified to
OD = %ps, (2.47)

whereps is the density distribution of the 5-branes.
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The above special class of type 1B solution are in a sense two copies of analogous six-
dimensional heterotic backgrounds. It is straightforward to show that the four-manifold
must be conformally Calabi—Yau in the heterotic case. In order to see this consider the
heterotic dilatino and gravitino supersymmetry constraints in the string frame

1
Sh=TMyype — 6HPQRI””Q%zo, (2.48)

1
SYm = Ve — ZHMPQI"PQ&“:O. (2.49)
As shown in[23], the string frame metric must take the form
ds? = Nuv dx* dx” + gun (y) dy™ dy". (2.50)

We shall takep = ¢(y) and let the only non-zero components of the three-form take the
form Hyunp = €mnp?hy (y). The supersymmetry transformations become

81 =T"(dn¢p — hy I P)e =0, (2.51)

1
8Ym = (vm — EFm’h,F(‘”)a =0. (2.52)

We now rescale the internal metric, accordingg = ¢**¢/,, and find
v,,e=0. (2.53)

Thereforeg,,, can only be a Calabi—Yau metric and the internal four-manifold is confor-
mally Calabi—Yau.

3. Conclusion and outlook

In this paper we have discussed the compactification of type IIB string theory to six
dimensions. With non-vanishing fluxes, wae translated the conditions for unbroken
supersymmetry into conditions on the background geometry and the tensor fields. Our
work can be viewed as a step towards a complete classification of string theory vacua in
six dimensions.

There are several open questions which we will leave for future work. First, we have fo-
cused on six-dimensional spatieres with a vanishing cosmological constant. In this case
we have seen that the conditions for unbroken supersymmetry factorize into two indepen-
dent conditions involving spinors of a definite six-dimensional chirality only. An immedi-
ate open question is if unbroken supersymmetry implies a vanishing of the six-dimensional
cosmological constant. KdSs backgrounds exist they would have the interesting property
that the equations involving spinors of diffetesix-dimensionallairality do not decouple.

Such a property has been found in supergravity backgrounds like for exanip@.in

4 \We use the standard notation in the NS5-brane litergfjrerhich differs from that if[23] by a rescaling of

the dilaton. Also, the string metric is related to Einstein metricgﬁyN = e—¢/2g[é\“4N.
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Another open question concerns compactifications of the heterotic string to six dimen-
sions. One of the most exciting string theory developments in the last few years is the
statistical approach to string theory coaggifications initiated by Douglas and collabora-
tors[10]. This approach opens the door to the pasigjtof making real world predictions,
maybe for the scale of supersymmetry breaking or for the possibility that large extra dimen-
sions appear in nature. It would certainly be very interesting to generalize this statistical
approach to compactifications of the heterotic string. Studying the distribution and number
of flux vacua of the heterotic string compactified on a six-dimensional torsional back-
ground certainly sounds like a formidable task since not much is known about vector
bundles on manifolds with torsion. But it would be an interesting problem to study the
number of heterotic flux vacua in six dimensions. The background geometry can only be
conformal to a Calabi—Yau two-fold (either K3 @*). Moreover, the fluxes are gauge
fields and are constrained to satisfy the Donaldson—Uhlenbeck-Yau equations

Fup = Fy; = F,;7% =0, (3.1)

In summary flux backgrounds in six dimensions are simple enough that the background
geometry can be described in a concrete way yet complicated enough to capture many
interesting properties. We will return to the issues raised above in future works.
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Appendix A

Our notation and conventions are as follows (a good reference about spinors and prop-
erties of the Clifford algebra iR4]).

e The different types of indices that we use are:

M,N,... are ten-dimensional Lorentzian indices

A,B,... are ten-dimensional tangent space indices
[TV are six-dimensional Lorentzian indiges

m,n, ... are real indices of the Euclidean submanifold
a,b,...anda,b,... are complexindices of the Euclidean submanifold

In addition, we usd, j, k,[ = 1,2 asSU(2) indices labeling different spinors and not
their components. Moreover, the coordinates of the external space are denoted by
(x9,x1, ..., x® while y = (x8, x7, x8, x% denotes the coordinates of the four-manifold.
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¢ We follow the mostly positive signature for our metrics. The gamma-matfideare
Hermitian, forA =1, ..., 9 while "% is anti-Hermitian. They satisfy

{r#, 1?2} =2n"%, (A1)

wheren48 has the signature—, +, ..., +). We decompose the 10d gamma matrices as
follows.

r‘=y4er®, a=o,...,5,
r“=19gy4 A=6,...,9, (A.2)

wherel® is the 6d identity matrix and™® is the 4d chirality matrix. An explicit repre-
sentation is given by

y0=i02®03®63, y2=1®01®63, y4=1®1®01,
V1=61®0'3®63, yi=1®02Q03, y5=1®1®az,

V6=61®03, y8=1®61,
V7=62®03, V9=1®62,

whereo; are the Pauli matrices ards the 2x 2 identity matrix. The 10d chirality matrix
is

ro—popt...po
=03®03®03® 03Q® 03, (A.3)

and can be written a5’ 19 = /® @ "® where the 6d and 4d chirality matrices are
defined as

I_,(4) _ —y6y7V8V9 =03 ® 03. (A.4)

e The complex conjugation matri8 19, satisfies

B(lO)FA(B(lo))—l —_r“ and BUOxAB (B(lo))—l — _yAB+ (A.5)
wherex48 = —2[1"4.1"B] are Lorentz generators. In 108(10 is explicitly
BAO =rA0Or3rSrird — e @01 ®io2 @ 01 @ ion. (A.6)

Note thatB10*B10 — 1. Furthermore, we can decompa€? = B® @ B® with

B® = F(G)y3y5 =03®01Q® —ioy,
BY=r¥y")° =01 ® —ioo. (A7)
Notice thatB®*B® = p@*p® — _1 and in particularBT = —B@.
o With coordinate indices,,,. .., denotes the Levi-Civita tensor. In particulegygo=

V/1g1 with the metric referring to that i(2.3). However, with indices labeling spinors;
is defined with the values;» = ¢12=1.
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e We have also defined
1

H = _HN1~--Nn NNn (A.8)
n!
e Some useful gamma matrix identities are
4 _ 1 rq @ _ 1 npq A9
Vo I = Esmnpqy s Y I = _égmnpq]/ s ( . )
[an, r] =45 [m¥n], {an, r} 2Ymn'"
[anp» ] 2anp ) {anp» r} 66" [mVnp]s
[ana ] 45[m[pyn]qla {ana y? } = 2yun’? — 4'8[n1n]pq- (A.10)

e The 4d Fierz identity

1 1
=22 T Ty (A.11)
n=0 "
can be used together wifA.10) to derive the following useful formula
)\Tian)»j)\TkVnp)\l — )LTl'}/mp)\[)\Tk)L] _ )VTI)"I)"Tkap)\]
+ 8P (2T 22 — AT k). (A.12)
Appendix B

Some formulas and definitions of the fields in type |IB supergrd2i#y.

T=t+4inn=Co+ie?, Py = f20uB,
14
B = _H.T, QM=f2|m(BaMB*),
1—-it
~1/2
f=@-BB)Y%  Gunr=f(Fune — BFjiyp). (B.1)

Fynp is related to the NS-NS and R—R two-forms By= §(dB2 +idC») whereg? =
22/ ((2m) o’ *) [14]. If we taket; = Co = 0, then the formulas reduce to

o oMtz 1
B =tanh= Py =— ==
anhz. M 25 23M¢,
1~|—‘[2 (]5 -1 1—‘[2
= = cosh—, =—1Im|d =0, B.2
f N > Om 2%, |:MT2(1+_L_2>:| (B.2)
Gunp = f(f(l—B)de—Hf(l—irB)dCz)
5( 24y +ie?2dCy). (B.3)
K
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