PHASE FIELD MODELING AND SIMULATION OF THREE-PHASE FLOWS

JUNSEOK KIM* AND JOHN LOWENGRUB

Abstract. In this paper, we derive a thermodynamically consistensetfgeld model for flows containing three
(or more) liquid components. The model is based on a Nau@keS (NS) and Cahn-Hilliard system (CH) which
accounts for surface tension among the different compsremi three-phase contact lines. We develop a stable
conservative, second order accurate fully implicit diszegion of the NS and three-phase (ternary) CH system. We
use a nonlinear multigrid method to efficiently solve thectite ternary CH system at the implicit time-level and
then couple it to a multigrid/projection method that is usedolve the NS equation. We demonstrate convergence
of our scheme numerically and perform numerical simulatitmshow the accuracy, flexibility, and robustness of
this approach. In particular, we simulate a three interfematact angle resulting from a spreading liquid lens on
an interface, a buoyancy-driven compound drop, and thedRfiTaylor instability of a flow with three partially
miscible components.

Key words. ternary Cahn-Hilliard system, nonlinear multigrid, temnéuid flow, interfacial tension, arbitrary
miscibility

1. Introduction. Many biomedical, chemical, and industrial processes we/olixtures
of three or more liquids components. In spite of the impartaof three-phase flows, most
studies of three-phase systems do not consider hydrodgabimieractions (e.g. see [4, 5, 6,
7,10, 15, 18, 20]). There have been few theoretical and nicaiestudies of flows containing
three or more liquid component compared to the large bodesdarch for two-phase fluid
flows. This is partly due to the difficulties in dealing withdrpdynamics associated with
interfaces and triple junctions. In [41], a projection neaths used for the motion of a triple
junction in level set framework. In this approach, a lineaj@ction of the level set functions
onto a reduced set of variables is used to solve problempéd tines and other multiple
junctions (i.e., quadruple points). In [28], a compoundpdomnsisting three immiscible
fluids is simulated using the immersed boundary method [Biig presence of the interface
and its effect on the flow is established via source termsargtiverning equations.

There are a number of three-phase models that describe tmgsaible fluids and sur-
factant. In low Reynolds number flows, boundary integralhods have been used to study
the effect of surfactants on drop dynamics (e.g. [33, 35) 48H tip-streaming [17]. In
[22, 24, 39], the effect of insoluble surfactants on dropdafation is studied in two and three
dimensions using volume-of-fluid methods. In [25] the effeficsurfactants on the dynamics
of rising bubbles is investigated using an immersed bouwrftant-tracking algorithm. In
[13], a hybrid level-set/ front-tracking algorithm was dg¥e study the effect of surfactants
on capillary waves. Further, in [27], the effect of surfattaon the evolution of the shape
of an initially nonspherical drop translating in an othessvquiescent fluid at low Reynolds
number is examined. A combination of the boundary-integrethod and a finite-difference
scheme is used to solve the coupled fluid dynamics and sanfetcansport problems.

In this paper, we build upon our results for two phase hydnaalyic systems [30] and
three-phase systems in the absence of hydrodynamic ititera¢31] to model and simulate
general three-phase hydrodynamic systems. Advantagéssadpproach over level-set and
immersed boundary approaches described above, for inbiastiree-phase systems, are:
(1) we do not need to perform any correction steps to mulfighetions; (2) it is easy to
incorporate other physical properties such as miscibldémnuscible fluid components.
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We derive a thermodynamically consistent system of gowgreiquations based on a
phase-field approach. The system of equations couples thieM&tokes equations for the
fluid motion to a system of Cahn-Hilliard type (fourth ordernfinear advection-diffusion
equations) for the phase variables. Here the phase fieldsdaefinite physical meaning:
they are the mass ratios of the fluid components.

We develop a conservative, second order accurate fullyigigiscretization of the NS
and three-phase (ternary) CH system. It can be shown tha ifitne step is small enough,
the discretization has a discrete energy functional thiesatural discretization of the free
energy on the continuous level. In practice, we find that ikerdte energy is always non-
increasing. We use a nonlinear multigrid method to effidjeslve the discrete ternary CH
system at the implicit time-level and then couple it to a mguid/projection method that is
used to solve the NS equation.

We present examples of flow with miscible and immiscible comgnts. We demon-
strate the convergence of our algorithm through a resalgiody. In addition, we find good
agreement with the theory for an equilibrium liquid lensrityatop an interface). We provide
demonstrations of liquid/liquid remediation. In the firgaenple, a compound drop is simu-
lated, in which a light fluid encapsulated a heavy contantidesp. The light fluid causes the
compound drop to rise and deposit the contaminant at arfactewhere it may be removed.
In the second example, we investigate the diffusional fearts a preferentially miscible con-
taminant from one immiscible phase to another. In this exantipe transfer is enhanced by
the flow and in particular the Rayleigh-Taylor instability.

The contents of this paper are as follows. In Section 2, thvegng equations are de-
rived. In Section 3, we derive the discrete scheme and ngalesolution. We also present
the approximate projection method used to solve the disgeneralized NS equations. Nu-
merical experiments are presented at Section 4. In Secticonglusions are drawn.

2. Derivation of the governing equations.We begin by deriving a thermodynamically
consistent system of governing equations for a generatdgaeous, isothermal mixture of
Ny fluids following the strategy developed for binary (two campent) fluids by Lowengrub
and Truskinovksy [34]. Let the mass concentrationg:pe= My /M for k = 1,..., Ny,
where M, are the masses of the components in a representative rhatdume V' and M
is the total mass of the mixture. Sindé = Zi\zl M., we havezjk\z1 ¢, = 1. Suppose
that each component moves with a veloaity and has density, = M} /Vi whereVj
is the volume of fluidk. Introducing volume fraction, = V;/V, we have the relation
pcr = prdr Wherep = ZkNil prok is the density of the mixture. Herein, we will assume
that each component is incompressible, pgis constant. Note that this does not mean that
the mixture density is constant sinceg depends o, or, equivalently, orry. The relation
betweerp andc; is given by

1 Ny
SN & (2.1)

P k=1 Pk
Such mixtures were termed quasi-incompressible by Lowedngnd Truskinovsky [34].
2.1. Balance equations.The balance of mass for each component is

% + V- (prorug) = 0. (2.2)
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Define the mass-averaged (mixture) velocity field

u= - Z (bkpkuk = chuk, (2.3)
P k=1 k=1
then summing Eqg. (2.2) ih we obtain the balance of mass for the mixture
dp
“F . = 0. 2.4
o TV () =0 (2.4)
From Egs. (2.2) and (2.4), we obtain the mass concentragjoat®n:
péx =V - Jg, (2.5)

where’ = 9, + u - V is the advective derivative with respect to the mixture gijo and
Ji = —pepwy, where wy = (ux —u), (2.6)

is the diffusion flux.
For each component, we have the balance of linear momentum

Dl"uk,
Dt
where D¥ /Dt = 0, + uy, - V is the advective derivative with respect to the component
velocity, Py, is the stress tensag, is the gravity force and, are the forces per unit volume
due to interactions with other phases. Note that a®Pyeandr; are unspecified. Summing
over k, and requiring thaE,CNi1 mr = 0, which is necessary for the conservation of linear

momentum of the mixture, we get the following linear momemtguation for the mixture:

pa=V-P+pg, (2.8)

PCk =V Py + pcrg + mg, (2.7)

whereP = Zg:fl (Pr — pcpwy, @ wy,) is the stress tensor of the mixture.

Following classical theory (e.g. see [21] and Lowengrub &ngskinovsky [34]), we
focus on the mixture equations and not on the detailed fotegactions (e.gr;). Therefore,
we consider an energy balance for the entire system andedbgymodynamically consistent
constitutive relations foP andJ,, as follows. Let(2 be an arbitrary domain that moves with
the mixture velocityu. Then, the integral form of the energy balance for the mixiar

d 1 2) A
— pe + =plu dQ:/ Pn -u+ ty - n)cg d@(H—/ r+pg-u) dSQ,
dt Q(t)( 27 o0 2 (b Q( )

(2.9)
wheree is the internal energy|u|?/2 is the kinetic energy and is the outward normal
vector toof). The first term on the right hand side is the rate of work don@8®@iby the fluid
stress and the extra stresses due to concentration giadient;, is a generalized force that
is as yet undetermined. This term is suggested by the vamitanalysis of Lowengrub and
Truskinovsky [34]. In the second term on the RhtSs the density of heat sources necessary
to ensure that the temperature is constant and the remaarimgs the rate of work done due
to gravity.

Using the mixture mass (2.4) and momentum balance equg®d8)s the local form of
the energy balance Eqg. (2.9) is

Ny
pe =P :Vu+ Y V- (tréx)+7. (2.10)
k=1
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2.2. Thermodynamics and constitutive relations.Because we are dealing with isother-
mal flow, it is useful to introduce the Helmholtz free enefgyather than the internal energy.
The relation between the two is

F=e—Ts. (2.11)
whereT is the temperature. Thus, Eq. (2.10) becomes
Ny
pTs = —pF +P:Vu+ Y V- (t;&) +r. (2.12)
i=1
Next, we make the constitutive assumption that the freeggner
.7:=.7:(01,...,cNf,Vcl,...,VcNf), (2.13)

such that

F= Z( avf (Vck)) (2.14)

Using the identity(Ve,) = Ve — (Vu)? - Ve (e.g. see [34]) and plugging Eq. (2.14) in
Eqg. (2.12) gives

ol OF
prs = P—l—pZVck@av :Vu

k=1
oOF . oF 1

Next observe that because the fluid components are incosilpleethe velocity gradierivu
and¢;, are not independent. They are related via Eqs. (2.1) andl. (Z/5at is, there is a
degeneracy in Eq. (2.15) since

1 8;) 1 8;)
‘u=— e = 2.16
V- kZ:l p 8ck Z P> 8ck ( )
Note that from Eq. (2.1) we have
—%ﬁzakzi, for k=1,...Ny, (2.17)
p* Ocy, Pk

is a constant.

To exploit the degeneracy introduce a scalar Lagrange ptieltip. This is the mixture
pressure. Then,

Ny

pl:Vu = Z aEppCL, (2.18)
k=1
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wherel is the identity matrix. Using Eq. (2.18) in Eq. (2.15), we get

Ny
oOF

st—(P+pI+pE Vck®av )'Vu

Ny Ny

oF OF
> (te— pre— — E - — V-t
+k_1<k p@Vck> Ve —p <ck+04kp V- k)Ck-H"
(2.19)

According to the second law of thermodynamics, in the forthefClausius-Duhem inequal-
ity, we have

px > 0, where px=ps+V-J —1/T (2.20)

wherey is the internal dissipation and is the entropy flux (see Truesdell and Noll [45]).
Now, from Eq. (2.19) together with Eq. (2.5), we obtain

Ny Ny
8.7-" 1 oOF

T
k=1 k=1
1 e,
HiJk
—|—TZV,M1¢-J1¢+V' J - Z T ) (2.21)
k=1 k=1
whereyy, is the generalized chemical potential given by
OF 1
wry = — +agp — =V - t. (2.22)

ek, P

Next, becausd "1’ J; = 0 this leads to additional constraints on the constitutivatiens
for the stress tensa?, the forces;, and the fluxed,. Sincezj,gz1 ¢, = 1, the concentration
fields are not independent. We may thus defirg = 1 — ﬁ;;l ck. This leads to the
equivalent entropy form

Ny
oF o0F
pPX = (P—i—pI—i—pZVck@(aka m)) :Vu

k=1
OF OF o
+= Z(tk—p(am WCNf))-v(p V- Ji)
Ny Ny
+lZv(uk—uN)-Jk+v- Z “Nf ., (2.23)
Tk:l / ! / k=1

Taking the diffusion flux7 = zﬁ;l (e — pnv;) Jx/T we are now in a position to pose
thermodynamically consistent constitutive relationsrt, andJ;. Following Coleman
and Noll [14] whereVu is varied independently from the other quantities leadbéacbnsti-



6 Junseok Kim and John Lowengrub

tutive assumptions

Ny
oF oF 2
P=—pl—p ZVCk®<8VCk m)‘Fn(D_g(v'u)I)a (2.24)
oF oF
£, — _ 2.25
k p <8V0k 8VONf> ’ ( )
Ji = vV (e — pv, ), for k< Ny, and Jy, = — Z Ji (2.26)

whereD = (Vu + Vu”) is the rate of strain tensor ands the viscosity (note that the bulk
viscosity is assumed to be 0 for simplicity and thathay be a function of). We thus obtain

Ny

n
PX TD D+ — ZVHV (k= p;) > >0 (2.27)
=

and so the second law of thermodynamics is satisfied. Notetimzentration gradients give
rise to extra fluid stresses. As will be discussed later etlmenic surface tension stresses.
Finally, although we have singled out one of the componewtsgdemonstrate later that the
evolution of our system does not depend on the labeling atdingponents. We also note that
other constitutive relations may be taken (e.g. see Appendis well as [19]). Our choice
here is consistent with that considered previously by M&@ahn [36] for linearized three-
phase systems.

2.3. Summary of general equations.Putting together the results from the previous
section, the thermodynamically consistent system of egusigoverning a mixture oiV,
fluids is

Ny

Veu=Y (ax—an,) V- (Y (k= pn,)) (2.28)

k=1

. oF oOF
pu-—Vp—V-(,;ZVck@( VCk m))

9 (a0 (D=3 (- w1) ) 4 e,

(2.29)
pér =V - (eV (e — pn,)) (2.30)
and
oF 1 oF oF 1
-9 - L= — 231
e = G +agp — pV (P (8Vck achf)> ) ar = (2.31)
fork=1,...,Ny—1landey, = 1— Q/:fl_l cx. This system couples a generalized Navier-

Stokes equation with a nonlinear advection-diffusion ¢igueor the concentration.

2.4. Special choice of free energy, the Navier-Stokes-Catttilliard system and nondi-
mensionalization. To make further progress, we need to choose the form of thenlstz
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free energy. Following Cahn and Hilliard [12], we take

Ny
F=F(en.oen)+ ) F % |V 2 (2.32)
k=1
This gives
OF 1,
oo = SRV (2.33)

Note that this makes the concentration equation (2.30) aHarder nonlinear advection
diffusion equation and is a generalization of the class@ahn-Hilliard equation used to
describe phase separation in binary mixtures [12]. Further extra stress in the Navier-
Stokes equation (2.29) can be written as

Ny
OF OF €
§ :V - ) = E LA v \V/ 2.34
p o <8Vck 8VCNf> pk:l g vk E Ve (2:34)

where we have used that,, ¢, = 1. Further, we have

OF OF 1
Mk —UN, = %— Jon, +(ak — OcNf)p—z—pV. (pv (eick + e?\,f Z cj)) , (2.35)

Jj=1

where we have again used t@fgl cr = 1. We may therefore define, fér=1,... ,Ny—1,

F(ey, ... ,cNf_l) =F (cl, ceyCNpo1, 1= Z ck) , (2.36)
k=1
@k = Qp — N, (2.37)
so that
OF OF  OF
— = —. 2.38
8ck 8ck 8CNf ( )
Analogously, one may define
Bk = Pk — AN,
~ Nf—l
or 1
= 9o + agp — Q_pV (pV (eick + e?vf jz:; cj)) , (2.39)

fork = 1,...,N;y — 1. The resulting system is a coupled Navier-Stokes and Cailliard
system (see also [34]). We note that by equipping this systémnatural boundary condi-
tions, i.e.u = 0 andV¢, -n andVji -n = 0, this system (with gravitg = 0) has a discrete
(free) energy functional

E(t)=/Qp (F(cl,.. L CNy—1) +Z |vc |2) +g|u|2dQ (2.40)
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where is the (fixed) physical domain. In the remainder of the paper,drop the tilde
notation for simplicity.

We nondimensionalize the system as follows (e.g. see af§d [Bet L, andV, denote
characteristic scales of length and velocity. Then intoadihe dimensionless independent
variablest = z/L andt = V,t/L. and the natural scaling of the dependent variahles
u/Vi, p=p/ps, i1 =n/ne, b = p/(p<V;2), i = i/ 11}, €tc...., where again the stars denote
characteristic quantities. We also assume that the Helmfrek energy is given by the sum

Ny
F=> uiF. (2.41)
k=1

The flow is then governed by the following nondimensionabpagters:

€L
L/

Uk/p* ) P@k = & * ok
Ly, Vi K,

L V2 Vil Vi
Ay = prap, Wep =220 Re=lr pr o

ok s VIL.gl’

where the top row are the nonclassical additional parametegpoduced in the model and the
second row are the classical fluid dynamics parameters. el row, the first parameter
Cy. is the Cahn number that is a nondimensional measure of tedane energy of théth
component, the secont;, is a measure of the relative strength of the surface tengidn a
chemical energies and the thif#;, is the diffusional Peclet number that measures the relative
strengths of (chemical) diffusion and advection. In thedmotrow, the first parametedy, is
a nondimensional measure of the density differences bete@@mponents, the secomtdey,
is the Weber number whetg, is the phase specific surface tension (see [41] and below), th
third Re is the Reynolds number that measures the relative strerigtiedial and viscous
forces, and finally the lagtr is the Froude number that measures the relative strengths of
inertial and gravitational forces.

Omitting the bar notation, the nondimensional Navier-8®kahn-Hilliard (NSCH)
system (2.28)-(2.31) is written as

Ck: =

; Mk:

)

(2.42)

Ny—1

V-ou= ﬂv : (Vk:V,Uk:) s (243)
Pek
k=1
. oL
pa=—-Vp—-V- p; Mo Wer Ver ® Ve
1 2 p—1
+§V : (n(c) (D ~3 (V-u) I)) + 72 G,
(2.44)
. 1
pCr = P—ekv (e Vi), (2.45)

where we have subtracted a linear tespx - g from the pressure an@ = g/|g|. Further,
the chemical potential is

OF 1 2 ¢z, "
Mk = % + A Wep Myp — ;V P Ekvck + % Z Vei |, (2.46)
4 =1
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fork=1,...,N; — 1, where

= Nf * 7
OF _ 3 Hj OF; (2.47)

Ocy, = i ey

Finally, the nondimensional total free energy is

3
1 - G
k=1 ’ ’

Hereafter, we drop the bar and double tilde notation.

2.5. Asymptotics and the sharp interface regime.The miscibility properties of the
flow components can be described through the free enB(gy, ;). For example, if all
the components are miscible the free energy is a convexiumof its components (i.e.
Hessian matrix is positive definite). If the components ammiscible, the free energy is a
non-convex function of its components to reflect the coexist of multiple phases. Various
mixtures of miscible and immiscible components can analsbyobe described. When the
flow components are immiscible, the NSCH system should redothe classical Navier-
Stokes equations together with the Laplace-Young surfaesidn jump conditions across
interfaces and multi-junctions. This requires assumtmmthe nonclassical parametégs
M, and Pey,. Following the asymptotic analyses of Lowengrub and Trusksky [34] and
others (e.g. see the review [2]) leads to the scaling

Cr = €2, My =c¢/p and Pey = O(1) or O(1/e), (2.49)

where the parameteris a nondimensional measure of interface thickness. Theani be
shown that in the sharp interface limit— 0, the classical Navier-Stokes system equations
and jump conditions are recovered. An interface separatiagimmiscible fluids has an
equilibrium profilec®?(z) wherez is the coordinate in the normal direction to the interface.
The parametes is then given by

+oo dcea\? o
5= (/ p(c) ( o > dz,) (2.50)

For example, with a free enerdy(c) =

1cic3, where we assume thag = 0, then

¢“1(z) = (1 - tanh (2/26v2) ) /2 (2.51)

and, ifp(c) = 1, theng = 6v/2.
For three-phase flows, following [41], the surface tensignbetween immiscible flow
components andj are decomposed into the phase-specific surface tensjarglo; by

Oij = 05 —+ aj (252)

That is, giveno;;, a linear system of equations is solved égrando;. The phase-specific
surface tensions are used in the definition of the Weber nu(@b&2). For flows containing

four or more immiscible fluids, the decomposition above isrdetermined and it is possible
that no solution exists. Nevertheless, the model syste#8)Z2.48) is still valid although an

alternate means may need to be used to determine the individeber numberdl/e;. This

is currently under study.
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2.6. The Boussinesq approximation and the ternary systemWe next consider the
special case of a ternary system and use the Boussinesgapation. In the Boussinesq
approximation, the densities of the flow components arelyestched such that ~ 1 but
the Froude number may be small enough such(hat 1) /Fr? is non-negligible. Thus, in
Egs. (2.43)-(2.46), we take = 1 except in the gravitational term and we takg = 0. The
resulting system is the ternary version of model H in the noctegure of Hohenberg and
Halperin [23].

The composition of a ternary mixture (A, B, and C) can be mdpp®o an equilateral
triangle (the Gibbs triangle [38]) whose corners repred@36 concentration of A, B or C
as shown in Fig. 2.1(a). Mixtures with components lying ored parallel taBC' contain
the same percentage of A, those with lines parallelit® have the same percentage of B
concentration, and analogously for the C concentrationFign 2.1(a), the mixture at the
position markedd’ contains 60% A, 10% B, and 30% C (The total percentage mumsttsu
100%).

=

A B (1,0,0) (0,1,0)
(@) (b)

FIG. 2.1.(a) Gibbs triangle. (b) Contour plot of the free energyc)

Letc = (¢1, c2) be the phase variable (i.e. concentrations of componentdicampo-
nent B). Since:; + ¢2 + ¢3 = 1 we only need to solve the equations withandc,. Here,
for simplicity, we consider a constant mobifitq;, = 1). F(c) is the Helmholtz free energy
which is defined on the Gibbs triangle. For three immiscihlé8, the free energy can be
modeled by

3

F(C) = Z Fk? Fk = Ci (ciem(k,3)+1 + ciem(k+1,3)+l)/8 (253)
k=1

whererem(z, y) is the remainder of the ratio/y andcs = 1 — ¢; — ¢o. The contours of the
free energyF'(c) projected onto the Gibbs triangle are shown in Fig. 2.1(loteNhe energy
minima are at the three vertices and the maximum is at thecent

1The extension to more general = vy (c1, c2) is straightforward.
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The non-dimensional Boussinesq ternary NSCH system isllasvio

V-u=0, (2.54)
1
ua=-Vp—+ ﬁv - (n(c)(Vu + vu®))
3
s p—1
- : L 2,
; Wekv (Ver @ Veg) + S (2.55)
. 1
¢c= P—@Au, (2.56)
wu="f(c)—T.Ac, (2.57)

wheref(c) = (f1(c), f2(c)) = (0., F(c), 0., F(c)) andT. is the matrix

_ e )2
f=( 5, %)

The natural boundary and initial conditions for the ternd§CH equation are

% = Z—Z =0,and u=0 o0noQ, c(x,0) = co(x), u(x,t) =0, (2.58)
wheren is the normal unit vector pointing out ¢f. Finally, the nondimensional total free
energy for the Boussinesq system is

3
1 1 c?
E(t) :/Q§|u|2 dQ+§ AL /Qp(Fk—i-Zk|Vck|2) dqQ, (2.59)
k=1

whereF = 3% F.

3. Numerical Solution. The numerical solution of the ternary NSCH system uses a
second-order accurate spatial discretization and a Gxctkelson type time stepping method.
For simplicity and clarity of exposition, we will presengtmumerical method in 2D, but the
extension to 3D is straightforward. The computational godsists of square cells of a uni-
form sizeh; these cells;; are centered atr; = (i — 0.5)h, y; = (j — 0.5)h), where
i=1,---,Landj = 1,---,M. Givenu” ', u", c"!,c", defined at cell centers and
p"—2 defined at cell corners, we want to fim 1, c*+1, andp"*t3. The outline of the
algorithm is as follows:

Step 1 Initialize c® to be the locally equilibrated concentration profile arfdto be the
divergence-free velocity field.

Step 2 Solve the CH system and update the concentration &elth c"+'. We use a
nonlinear Full Approximation Storage (FAS) multigrid methto solve the nonlinear discrete
system (3.1) and (3.2) given below at implicit time level. eTionlinearity is treated using
a nonlinear Gauss-Seidel relaxation. Details of this steppaesented in our recent paper
[31]. Here, however, we have additional source term due veetibn. That is, we solve the
following second-order accurate discrete system

n+1 n
Cii  —Cy 1 ntl 1
B e NPT R . n+z 3.1
At Pe dll'zj (u vdc) ) ( )
n+é

b Ry n 1 n n
pij = dlef et ) — STelalel + i, (3.2)
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where/, is the standard five point discretization of Laplacian ofmeria 2D. The advection
term(u- Vdc)’“f% is approximated by using a fifth order weighted essentiaily-nscillatory
(WENO) scheme [26] and is described in Sec. 3.1. The t@rm (¢1, $2) andéy (...) and
ég(...) denote Taylor series approximationsftoand f, up to second order, respectively:

Bile @) = () — 20 AT — )

5 FuE N — ) + 0P AT - )2

20,00 AT — )T — )+ SO A - e)?
and

Bale” ") = Fal) = 200, ole (T — )

50 PN — )+ 308, o - )

200,00, fa T = ) — ) 02, ol B - )

As described in [31], this discretization ensures that mdbsence of flow, a discrete

version of Egs. (2.56)-(2.57) is non-increasing in timegipendent of the choice df¢. This
gives enhanced stability.

Step 3 Update the velocityi™ to u”*! and the pressur;eﬂ*%. We use the following
approximate projection method adapted from [8]. We solve

u* —u” _ n—% 1 n+1 * s\ T p(cn+%)_1
AL Vap + Te Vi -ne"™H)[Vau" + (Vqu*)' ]+ T2 G
1 n+l 1
F—V4-n(c)[Vau" + (Vau) ']+ F 2 — (u-Vau)"t2  (3.3)

2Re

using a multigrid method for the intermediate veloaity without strictly enforcing the in-

compressibility constraint. We udg,; = 22:1 V;fk V- (|Vex|?T — Ve, @ Vey,) and the

pressure field is replaced lpy+ Zizl Vf,gk |Ver|?. This modification is performed for two
reasons. First, by taking into account analytic canceltesi simpler and more accurate dis-
cretization may be obtained. Second, when the interfacatistfis term is equal to zero
which is consistent with the fact that the interfacial fovemishes for flat interfaces.

The discretization oF ; is given in Sec. 3.2. The tern;p andV ;-1(c)[Vau+V ul]
are defined as following.

Pitlj+d TPi4dj-1 ~Pictjri —Pi-14-1
(Vap)ij = 5T ;
Pitdj+3 ~Pi+gj-3 TPi-1j+s —Pi-1,j-4
2h '

The first component of the viscous tefy, - n(c)[V u + Vu®] is discretized as
1 1
(Va-n(c)[Vau+ Vau']), = 72 (2n(ci+%,j)(ui+1d —wij) — 2n(c;_1 ;) (uij — ui-1,5)
+ T](Ci7j+%)(ui7j+1 — Ujj + 0.25(’()1'4.17]'4,_1 — Vi—1,+1 T Vit1,5 — Ui—l,j))

_n(ci7j_%)(u7;j — Ui, 5—1 + 0.25(1)1'4_17]‘ —Vi—-1,5 + Vit1,5—1 — Ui—l,j—l))) B
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The second component of the viscous term is discretized im#éas manner. The term
(u- Vdu)’“f% is computed using a fifth order WENO scheme described in S&c. 3

Then projectu™ onto the space of approximately divergence-free vectcnlsﬁehd get
the velocityu” 1, i.e.,u* = u"*! + AtV ¢, whereg satisfiesh ¢ = V4 - 22 with the
Neumann boundary conditio@% = 0, see [1] for more general boundary condltlons. Note
V4 - u™ & 0 see [8]. Finally, update pressure by = p"~= + ¢. This completes one
time step.

3.1. Approximation of the advection terms. In this section, we describe the discretiza-

1 1 .
tion of the advection terms. The valua%“ and c?jﬂ are calculated using a second-
1

order accurate extrapolation from previous values, Lé&z = (3uj; — uj} ~1)/2 and

1
c?jﬂ = (3cfy — ¢ ~1)/2. From these cell centered values we obtain ceII edged values

n+i n+i n+1 n+i n+i n+ i
byu, 12 = (u; +ui+12j)/2 andu, 21 = (u;; * +ui,j+21)/2-

In general, the normal velocmes andv i 1 at the edges are not divergence-free.

To reduce the overall error, we apply the MAC prOJecnon [#&Fore construction of the
convective derivatives. The equation

Agp = Vac -u'ts (3.4)

is solved for a cell centerepl where

n+% - un+% ’Un+% - ’UTH—%
(Varac u"+%) il z‘—%7j+ ijts igj—4%
K h h

with the Neumann boundary conditiogﬁ = 0 The resulting linear system (3.4) is solved
using a multigrid method with Gauss-Seidel relaxation. e discrete divergence-free
cell-edge velocities, andv are defined by

antE ot Qi1 — Pij  ~n+i _ SR Gij+1 — Gij
i+3.] i3] h RS i.j+% h :

The convective terms are discretized as:

~n+% ~n+2
.  +u,
nry _ Yirda T i oadd | ntd
(u lel)ij = 5T (ui+%,j uF%’j)
~n+2 n+2
—|—v )
n Yij+l =3 (unJr% _un+2 )
2h i,j+3 i,j—3"
~n+% ~n+2
.  +u,
nry _ Yk T el sl
(u-Vae);; * = oh (Crf;— Ty
~n+2 ~n+2
i Vil ik =3 (énJr% _antg )
2h ity hi—g’]
41
where the edge values Ir u,i*?] C. 121, andu fl are computed using projected
3

velocity fields,a, v and a f|fth order WENO algorlthm [26]
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3.2. Discretization of surface tension terms.in this section we describe the finite dif-
ference approximation to the surface tension tdfiy, Let

3

Fst:_ZWi fk;gk

k=1 k=1

3
(|Veg | I—Vep®Vey)

= — Z V;—ﬁ(amckﬁyyck — 6yckamyck, 8yck8mck — 8Ick8m,ck).
=1 ' €k

Then, the surface tension force componéifitsg; ) are discretized as

1
(f1)ij = Z_hg(cliJrl,j —c1i—1,5)(C14i54+1 — 2€145 + €14,5-1) (3.5)
1
—W(Cli,jﬂ - Cli,jq)(cliﬂ,jﬂ +Ciio1-1 = Clit1,j-1 — 01i71,j+1)
1
(91)ij = ﬁ(clm‘ﬂ —c15-1)(C1iq1,5 — 2¢145 + C1i-15) (3.6)

1
_—8h3 (Cli+1,j - 01¢71,j)(01i+1,j+1 +Ciio1-1 = Clit1,j-1 — 01i71,j+1)

and the other componentyz, g2) and(fs, g3), are similarly defined by replacing in Egs.

(3.5) and (3 6) by, and1 — ¢; — co, respectively. Furtheﬂi‘ﬁ’L2 in Eq. (3.3) is evaluated
usinge™tz = (¢ + ¢"t1) /2.

3.3. The discrete energy functional.The discrete energy functional for the Boussinesq
approximation is

3
1 1 €2
Eh(t) = §(u7 ll)h + Z m ((Fk, 1)h + Zk|ck|%) (3.7)
k=1

Where(f, g) =h? Z Z fzggzg and|g|1 = Z ZJ 1((gz+1,J gij)2 + (gl}j+1 -
gij)?) taking into account the Neumann boundary condmons to leethe boundary terms.
Following the analysis in [29], it can be shown that if the @éistepAt is small enough, the
discrete energy;, is non-increasing. In practice, we find th&}, is nonincreasing foAt
such that our multigrid methods converge.

We note that an alternate discretization may be develogkxhiog our work on phase-
field models of two-phase flows [30]. In that work, we formeldt version of the projection
method using a special discretization of the Navier-St@asations such that the coupled
discrete Navier-Stokes-Cahn-Hilliard system had a n@neiasing discrete energy functional
for any value ofAt. We find that the scheme presented here results in slightigrzeccuracy
than that used in [30].

4. Numerical experiments. In this section, we demonstrate convergence of our scheme
numerically and simulate a three-phase contact angle, galbeg-driven compound drop,
and liquid/liquid remediation enhanced by the Rayleightdainstability. Unless otherwise
specified, we use the free energy functidf(c) by Eq. (2.53). From our choice of the
homogeneous free energy density Eq. (2.53) and an equitibprofile Eq. (2.51), the con-
centration field varies fror.05 to 0.95 over a distance of abodt/2e tanh~*(0.9). We have
4-8 grid points across interface in most of our simulatioNste that since we are taking a
polynomial form of the free energy;'(c), we may have non-physical value of concentra-
tion (i.e. less than zero and greater than one), but its temifrom the physical values are
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negligible (most of cases, the deviations are order®). The time step is determined by
restrictions due to the CFL condition, gravity, viscoségd surface tension [40]:

At < min ( min \/(m + p2 + p3)WerWeremk,3)+1 ni 3Rep"h? h 2h ) ’

k=1,2,3 8t (Wer + Werem(k,3)+1) 4npm 7 an|”\ | Fr

whereF" is the right hand side of Eq. (2.55) at time= nAt.

4.1. Convergence test.To obtain an estimate of the rate of convergence, we perform a
number of simulations for a sample initial problem on a seahofeasingly finer grids. The

initial data is
_ 1
c1(z,y,0) = % (1 — tanh (Zﬁi)) , (4.1)
‘ B 1 Y — 1 Y — 2
co(z,y,0) = 5 (tanh <2\/§i> — tanh <2\/§i>) . (4.2)

That is, narrow transition layers separate three immisdilids. The initial velocity is a
swirling flow

(u(z,,0), v(x,y,0)) = (—0.25sin?(7zx) sin(27y), 0.25sin’(7y) sin(27z)) (4.3)

on adomain{2 = (0, 1) x (0,1). No-slip boundary conditions are applied to top and bottom
planes and periodic ones are to the side walls. The numeantaions are computed on the
uniform grids,h = 1/2™ for n = 5,6,7,8, and9. For each case, the calculations are run to
timeT = 0.2, the uniform time stepsit = 0.1h, Re = 10, We; = Wes = Wes = 100,

Pe = 2, ande = 0.005v/2, are used to establish the convergence rates. Fig. 4.1qajpin
show the initial configuration and a snapshot of the solusibtimeT = 0.2, respectively
with h = 1/64 andRe = 100.

TABLE 4.1
Convergence Results wifRe = 10 —u, v, ¢1, andca.

| Case| 32-64 | 64-128 | rate | 128-256 | rate | 256-512 | rate |

| w | 5.4530e-4| 4.4986e-5 3.5995| 1.0895e-5| 2.0458| 2.7798e-6| 1.9706|
| [ 6.8462e-4] 2.9858e-5] 4.5191] 7.5194e-6] 1.9894] 1.8850e-6] 1.9961]
[ ¢ [ 2.9211e-2] 3.1969e-3] 3.1918] 7.5863e-4] 2.0752] 1.8755e-4] 2.0161|
[ c2 | 4.1640e-2] 4.2759e-3] 3.2836] 1.0037e-3] 2.0908] 2.4801e-4] 2.0169)|

Since a cell centered grid is used, we define the error to bdiffeeence between that
grid and the average of the next finer grid cells covering it:

e © . (c +c +c +c ) /4
h/%ij = Chij %2i,2j %2%1,2]‘ %21‘,21‘71 %2@;1,2]‘71 ’
The rate of convergence is defined as the ratio of successes @ the discreté-norm:
log, (Iles s [1/llex 1 1)-

The errors and rates of convergence with = 10 and Re = 100 are given in Tables
4.1 and 4.2, respectively. The results suggest that thereeieindeed second order accurate
when Re number is small. Whee = 100, the rate of convergence decreases.
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TABLE 4.2
Convergence Results wifRe = 100 —u, v, ¢1, andca.

| Case| 32-64 | 64-128 | rate | 128-256 | rate | 256-512 | rate |

u | 7.9061e-4| 2.1666e-4| 1.8675| 6.3568e-5| 1.7691| 1.8657e-5| 1.7686 |

| 1.8242e-4] 4.4618e-5| 2.0316| 1.4104e-5 1.6615| 4.4661e-6| 1.6590|
1 | 1.6055e-2| 3.1327e-3| 2.3576| 7.6571e-4] 2.0325| 1.9041e-4| 2.0077|
> | 2.5432e-2| 4.4223e-3] 2.5238] 1.0388e-3| 2.0899] 2.5764e-4] 2.0114]

C
C

FIG. 4.1.Snapshots of the solutions at ()= 0 and (b)7" = 0.2. The uppermost layer is fluid 3, the middle
layer is fluid 2, and the lower layer is fluid 1. The contour Srae fromca = 0.1 to ca = 0.9 with 0.1 step size.

We also examined the time evolution of the total energy (Witand £}, defined as in
Egs. (3.7) and (2.53) respectively). The results are shoviig. 4.2 together with the inter-
facial (dotted) and kinetic energy (dot-dashed) companente interfacial energy contains
both the gradient and Helmholtz free energy terms. The solide marks the total energy.
The insets show the layer morphology (= 0.5 filled contour) at various times. The initial
data, boundary conditions and all the parameters are the aaconsidered previously except
that the Weber numbers aVBe; = Wes, = Wes = 10 so that surface tension plays a more
important role in the evolution. Here the Reynolds numBer= 10. Observe that the total
energy is non-increasing throughout the evolution. Thetkirenergy also monotonically de-
creases due to viscous dissipation. The interfacial erisrgyn-monotone, however. At early
times, the initially flat layer deforms and the surface egpangreases. Around approximately
t = 0.4, the surface energy reaches a peak due to the increaseddéfor of the layer and
then decreases towards an equilibrium value corresportdiagflat layer (two interfaces).
When the layer is most deformed, the surface tension foecies a reversal of the velocity
field such that the deformed layer relaxes back to a flat coraigun at later times.

4.2. Contact angles.Following [41], we next investigate the spreading of a ldjléns
consisting of an initially circular immiscible droplet ofiitl located at an interface between
two other immiscible fluids. See Fig 4.3(a).

The initial condition is a circular droplef),, (located at a free surface betweenpand
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—— total energy
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FIG. 4.2.The time dependent energies of the numerical solutionstheétmitial data Eqs. (4.1)-(4.6) and with
Re = 10, We; = Wea = Wes = 10. Snapshots of the concentration field,are shown with filled contour at
co = 0.5.

Q3) and the initial velocity is zero, i.e.,

c1(z,y,0) = max {0.5 (1 + tanh <y2_7\/g5)) — co(x,y), 0} , (4.4)

co(x,y,0) = 0.5 <1 + tanh <0'15 — Ve _2(1'/%)2 - 05)2)) , (4.5)
€

u(z,y,0) =v(z,y,0) =0. (4.6)

The computational domain {3 = [0, 1] x [0, 1]. The fluids are density and viscosity matched
(p=1,n=1)and

Re = 60, andWey = 60, We; = Wes = 108, 60, 36.

In Figs. 4.3(b)-(d), the evolution of the = 1/2 contour line is shown for three cases
with Re = 60, andWes; = 60,We; = Wesz = 108, 60, 36, respectively. In all cases,
¢ = 0.005v/2, Pe=100/¢, h = 1/256, andAt = 0.25h. As the droplet spreads, it reaches
an equilibrium shape. The most deformed curve in each figutleei numerical steady-state.
Theoretically, the shape of the steady-state drop is cledrdy the drop-volume and the
three surface tensions (inverse Weber numbers). The lequiti three-phase contact angle
is determined by

sin 04 sin 0o sin 03
1 1 1 1 1 1
Wes T Wes  Wei T Wes  Wer T Wes

and the relation between the lens arkdts lengthd (the distance between triple junctions),
and the contact anglés of thei-th phase (Young's law) is

o= (s (s )
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FIG. 4.3. (a) Initial configuration: the upper fluid is phase 1, the lovileiid is phase 3, and the droplet is
phase 2. (b), (c), and (d) are evolutions of initial circuldmop for Wes = 60 andWe; = Wes = 108, 60, 36,
respectively. The arrow shows the direction of the evatutiad the most deformed lines in (b), (c), and (d) are
corresponding steady shapes and the enclosing box sj@e2i 0.77] x [0.23,0.77].

TABLE 4.3
Equilibrium measurements

| Wel; W627 W€3 | demact | dnumem’cal | dn?nnericala 6/2 |
| 108, 60, 108 | 0.3746 | 0.3982 | . |
[ 60,60, 60 | 04138 | 04368 | |
[ 36,60, 36 | 04578 | 04622 | 04502 |

Thus, the accuracy of the steady lens shape can be measucednparing the observed
with the analytical value.

The evolution ofd for the three cases is shown in Fig. 4.4. The numerical valaedo
is obtained from the, = 1/2 contour line. Note that in all cases, there is rapid incréase
d at early times followed by a slow approach to equilibrium té&also there is an overshoot
in the early evolution of thél’e; = 36 andWe3 = 108 cases. In table 4.2, the equilibrium
values ofd are shown for the three cases together with the correspgtitkoretical values.
There is very good agreement between the theory and simomlati
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FIG. 4.4. Time evolution ofd, distance between triple junctiondd e = 108 (o), Wes = 60 (x), and
Wes = 36 (<>)

In Fig. 4.5(a) and (b), we plot the contours of the conceitmnat, at the five levels
co = 0.1, 0.3, 0.5, 0.7, and0.9 for the case withVe; = Wesz = 36, andWes = 60.
In the left columne = 0.005+v/2 while in the right columre = 0.0025+/2. Not only do the
concentration contours appear to converge, also note thahw= 0.0025/2, we obtain
dnumerical = 0.4502, which is closer to the exact result than is the case with0.005+/2.
Interestingly, thezs = 0.1 contour appears to be elongated near the triple junctiorfaeta
that seems to persist under refinement.of

We next show that numerical results are not sensitive tolilo&ce of component labels.
We take the same initial configuration but change the compidabels, i.e.

c1(z,y,0) = max [0.5 <1 + tanh (%)) —c3(z,y), O] , 4.7)
c3(x,y,0) =0.5 <1 + tanh <0'15 — Ve _2?'/5;2 - 05)2)) . (4.8)
€

We then solve the equations for the concentratiengndc, = 1 — ¢; — ¢3 with We; =
Wey = Wes = 60. In Fig. 4.6, the initial concentration profiles are showar. the original
case (hereafter referred to as case 1) - (@Bnd (a2)», the new case (referred to as case 2)
(b1) ¢y and (b2)c,. The time evolution of the distaneEbetween the triple junctions for the
two cases (case k) and case 2d)) are shown in (c). As can be seen from this figure, the
values ofd from these two cases are essentially identical and thusethéts are insensitive
to label switching.

In Fig. 4.7, the time evolution of total energy (withand F}, defined as in Egs. (3.7) and
(2.53) respectively) is shown together with the corresjraéhterfacial and kinetic energy
components of the numerical solutions. In addition, thediltontourc, = 0.5 is shown
at various times indicating the corresponding morpholofgthe drop. The initial data are
Egs. (4.4)-(4.6) and the parameters correspond to the naskich We; = Wes = 36,
andWey = 60. In the figure, the solid line is the total energy, the dotiad Is interfacial
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FiG. 4.5. Contour lines of concentration, at the five levelgs = 0.1, 0.3, 0.5, 0.7, and0.9 in the case of
Wey = Wes = 36, andWes = 60. Left column:e = 0.005+/2 and right column:e = 0.0025+/2, respectively.

0.

n‘\\i\ §
‘l
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i i
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‘ i W! l‘ﬂ iy S
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FIG. 4.6. Initial concentration profiles: case 1 - (ak) and (a2)cg, case 2 (bl); and (b2)cz. Time
evolution ofd, distance between triple junctions with two cases (casg arfd case 24)) with Wes = 60.

energy, and the dash-dotted line is the kinetic energy. Tketishows a blow-up of the
kinetic energy. Since the initial velocity is zero and thelation is primarily surface energy
driven, the kinetic energy is very small. At early times, aafirmmount of surface energy is
transferred to kinetic energy as the drop begins to elon@atater times, the kinetic energy
rapidly decays as the drop approaches its equilibrium cordigpn. As expected, the total
energy monotonically decreases to its equilibrium valuarr€pondingly, the interfacial
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FIG. 4.7. The time dependent energies of the numerical solutionsthwthnitial data Eqgs. (4.4)-(4.6) and
the case witiVe; = Wes = 36, andWea = 60. Snapshots of the concentration fietd,are shown with filled
contour atca = 0.5.

energy also decreases.

Next, we consider a similar problem in three-dimensions. piéee a periodic array
of spheres on an interface between two immiscible fluidsagmalsly to that shown in Fig.
4.3(a) in two dimensions. The computational domaifis- [0,1] x [0,1] x [0, 1] and the
mesh size i$4 x 64 x 64 with time step,At = 0.001. ¢ = 0.008v/2, and Pe = 100/e.
No-slip boundary conditions for the top and bottom planes@eriodic boundary conditions
for the side walls are applied. Specifically, the initialalat a single period box are

z—0.5
Y, 2) = 0.5 { 14 tanh —c2(2,9),0/(,
ci(z,y, z) max{ ( an < WP >) co(x,y) ]

B 0.35— /(@ — 05)2 + (y — 0.5)2 + (z — 0.5)2
co(x,y,2) = 0.5 <1 + tanh ( WP )) ,

w(@,y,2) =v(@,y,2) = w(x,y,z) = 0.

We take the viscosities and densities of the components matehedn; = 72 = 73 = 1)
and(p1 = p2 = p3 = 1) with the following parameters.

Re =60, We; = Wez =36, Wes = 60.

In Fig. 4.8, evolution is shown and only the spheres are liedwith a reference plane
passing through equator of the spheres. The actual ineedeforms. As the drops spread
out and flatten due to surface tension forces, the dropsictterith their periodic neighbors.
In this case, the distance between the neighbors is lessthieaequilibrium length of an
isolated drop. As seen in Fig. 4.8, this leads to merger vaighperiodic images and results
in a lattice-like microstructure of the second fluid on the&eiface between the two other
immiscible fluids.

4.3. Numerical simulation of a buoyancy-driven compound dop. In this section, a
buoyancy-driven evolution a 3-D compound drop is invesédaln Fig. 4.9, a schematic of
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t=1.8 t=2.6 t=3.2

FI1G. 4.8. Evolution of spheres under surface tension forces, the inmersional times are shown below each
figure.

the initial configuration is shown. The three fluids are intite where a heavy droplet of
fluid I is encapsulated by a light fluid II. Fluid | is the heasieomponent. This models a
flow in which a heavy fluid contains a dispersed contaminamie&sing drops of the light
fluid I from the bottom of the container, provides the meanaricapsulate the contaminants.
Restricting this to a single drop yields the initial conalitive consider.

I P2, 12

023
[l p3, 13

d12

g2

FiG. 4.9.Schematic of a compound drop.

Specifically, the initial data are

0.3—r
ci(z,y,2z) =05 (14 tanh | ——— ,
1(®9:%) ( (2\/55 >)
0.5—1r z—2.5
co(x,y,2) =05 (24 tanh | ——— | +tanh | ——— —ci(x,y, 2),
229 %) ( ( 2v/2¢ > ( 2v/2¢ )) 1(9:%)

u(r,y, 2) =v(r,y,2) = w(x,y,2) =0,

wherer = \/(z — 1)2 + (y — 1)2 + (= — 1.5)2. We take the viscosities and surface tensions
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of the components to be matchéd = 1, = 3 = 1) and(o1 = 02 = 03 = 1) with the
following parameters.

p1 = 1.044, po = 0.957, p3s =1, Re =36, We; = Weg = Wes = 1127, andF'r = 1.

The computational domain 18 = [0, 2] x [0,2] x [0, 4] and the mesh size & x 32 x 64
with time step At = 0.002. ¢ = 0.01y/2, andPe = 10/e. No-slip boundary conditions for
the top and bottom planes and periodic boundary conditionthe side walls are applied.

s T e
)

t=14.0 t=17.0 t=20.0 t=44.0

FIG. 4.10.Evolution of a compound drop, the nondimensional times laoeve below each figures.

The evolution is presented in Fig. 4.10. An upper (flat) ifatee separates the heavy
ambient from same fluid that encapsulates the heavy drop.cdmpound drop is lighter
than the heavy ambient and so it rises and deforms. The enlatipg fluid rises faster than
the heavy inner drop but nevertheless the compound drogmenméact until it penetrates the
upper interface. The heavy inner drop is carried upwardseasricapsulated fluid is released.
The drop then falls back on the interface remaining trappedetby surface tension forces
even though if is heavier than the lower ambient. At this pdime drop could be removed
from the system by “sucking” it off the interface. Imaginititat the heavy inner drop is a
contaminant in the lower ambient, this provides a mechamwishguid/liquid extraction by
which fluid Il may be cleansed.

4.4, Rayleigh-Taylor Instability of Ternary Fluid Flows. In this section, we exploit
the fact that our ternary NSCH system is capable of desgibvinlticomponent fluid flows
containing immiscible, miscible and partially misciblengponents. The miscibility of the
components is modeled through the properties of the freggd& ¢, c2). Itis nontrivial to
construct free energies capable of describing partialscible systems where, for example,
two components are immiscible and the third component iepeatially miscible in one of
the immiscible components. Nevertheless, we have beernt@blenstruct a class of such a
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Fluid | P ,

Fluid I P, 1,

—

Fluid Il Py 1,

C,

FiG. 4.11.Contour plot of the free energy(c1, c2) FiG. 4.12.schematic of initial configuration
on the Gibbs triangle.

free energies and one example of which is given below:
F(ci,e2) =2¢3(1 —c1 —c2)? + (c1 +0.2)(ca — 0.2)% + (1.2 — ¢; — c2)(c2 — 0.4)%

A contour plot of the free energ¥ (¢, c2) on the Gibbs triangle is shown in Fig. 4.11. The
two minima of F'(¢y, c2) are at(0.7779,0.2330, —0.0109) and(—0.0151,0.3651, 0.6499).
These minima lie very slightly outside the Gibbs triangles & demonstration of the evo-
lution possible in partially miscible liquid systems, weepent an example in which there
is a gravity-driven (Rayleigh-Taylor) instability thatleences the transfer of a preferentially
miscible contaminant from one immiscible fluid to anothe2ih The initial configuration is
shown in Fig. 4.12. The top half of the domain consists of atanexof fluid 1 and fluid II,
and the bottom half consists of fluid Ill, which is immisciegth fluid I. Fluid Il is prefer-
entially miscible with fluid 11l. Fluid | is assumed to be thightest and fluid Il the heaviest.
The density of the I/ll mixture is heavier than that of fluitl Bo the density gradient induces
Rayleigh-Taylor Instability.

In particular, the initial data are

c1(z,y) = ca(z,y) = 0.25 (1 + tanh (y —05-01 COS(2W$))>

24/2¢

u(z,y) =v(z,y) =0
and the simulation parameters are
pr=1,ps=4,p3 =2, Fr=1, Re =313, We; = Wey = Wez = 9.8 x 10°.

The computational domain 8 = [0,1] x [0, 1] and the mesh size 8 x 128 with time
step,At = 0.5h. € = 0.01y/2 andPe = 10/¢. Here, we assume that the surface tension is
small so that the interface undergoes the Rayleigh-Tagkiability (e.g. see paper [16] for
the effect of surface tension on the instability).

The evolution of the three phases is shown in Fig. 4.13. Thedw shows the evolution
of fluid I, middle and bottom correspond to fluid Il and fluid,Itespectively. That is, the
contours ofcy, c¢o, andces are visualized in gray-scale where darker regions denogerda
values ofcy, co, andces, respectively. As the simulation begins, the I/l mixtuedl$ and
fluid 1l diffuses into fluid 1ll. A characteristic Rayleighaylor (inverted) mushroom forms,
the surface area of the I/lll interface increases, and aitytis generated and shed into the
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FIG. 4.13. Evolution of concentration of fluid | (top row), Il (middlewg, and Il (bottom row). The con-
tours ofcy, co, andcs are visualized in gray-scale where darker regions denotgdavalues ofcy, ca, andcs,
respectively. Nondimensional times are t =0, 3.91, 7.81635and 195.31.

bulk. As fluid Il is diffused from fluid I, the pure fluid | rises the top as shown in Fig. 4.13.
Imagining that fluid Il is a contaminant in fluid 1, this configiion provides an efficient
means of cleansing fluid | since the buoyancy-driven flow enka the diffusional transfer
of fluid 1l from fluid | to fluid III.

4.5. Example of Adaptive Mesh Refinement - binary spinodal deomposition. In
the typical setting, solutions to the Cahn-Hilliard eqoatare nearly constant in the so called
“bulk” regions. Between the bulk regions, solutions exhthin transition layers, through
which the solution takes on values intermediate to thosherbulk regions. Typically, the
bulk regions comprise the largest portion, by far, of the patational domain. Since in most
of the applicationsitis sufficient to finely resolve only thensition layers, fixed grid meshing
represents a waste of computational resources. Thusegeffieidaptive-mesh solvers for the
CH equation, able to finely resolve only the diffuse integfaare highly desirable.

In preliminary work [32], we are currently adapting blodkestured adaptive methods
originally designed by Berger and Oliger [9] for conseroatlaws and general hyperbolic
equations. The block-structured framework was adoptdtei@HOMBO package [3], which
we utilize. However, we do not use the multi-level multigaidgorithm from CHOMBO (see
[3]), but rather we employ a nonlinear adaptive multigritveo[44] following our work here
and in [30, 31].

To illustrate the potential of this approach, we presenlipieary results on adaptive
mesh refinement for the binary CH equation from [32]. The gowg equations are

= = Au, (4.9)
p=c*—1.5c%+0.5¢c— Ac. (4.10)

For the following test, we consider spinodal decompositisimg the off-critical aver-
age compositiorr = 0.3. The results are shown in Fig. 4.14. The interface paranieter
e = 0.0025. The initial condition has the composition being nearlyfam with random
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(a)t=2

(c) t=20 (d) t=25

FIG. 4.14.Evolution of the concentratioa(z, y, t) with an average concentratiof,, = 0.3. The times are
shown below each figure.

perturbations of maximum magnitudex 10~3. The spatial domain i$ x 1 and periodic
boundary conditions are applied to both directions. Thealeoarse computational grid is
64 x 64 and there are two levels of adaptivity. The AMR librariescamitically generate
a grid structure that adapts to the locations of the phasefattes. The effective fine grid
resolution is256 x 256. As we would expect from Cahn'’s theory [11], in Fig. 4.14 ateld
particles form relatively quickly as the two phase regiomsf, associated with = 1 and

¢ = 0, respectively. Over a much longer time scale the systenseoar and the mesh adapts
around the isolated particles. More detailed studies wveilpkesented in a forthcoming work
[32].

5. Conclusion. In this paper we have presented a general model of threesflomss
and developed an associated efficient, second-order aedinite difference method to solve
the model equations numerically. The three-liquid phasayg be fully miscible, partially
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miscible orimmiscible. The miscibility of the phases is retatl thermodynamically through
the Helmholtz free energy. An additional advantage of thel@hcs that triple interfaces are
handled without resorting to ad-hoc procedures.

We presented examples of flow with miscible and immiscibl@gonents. We demon-
strated the convergence of our algorithm through a reswiwgtudy. In addition, we found
good agreement with the theory for an equilibrium liquidd€lying atop an interface). We
provided demonstrations of liquid/liquid remediation the first example, a compound drop
was simulated, in which a light fluid encapsulated a heavyazoimant drop. The light fluid
causes the compound drop to rise and deposit the contanain@aminterface where it may be
removed. In the second example, we investigated the diffiaditransfer of a preferentially
miscible contaminant from one immiscible phase to anofhlee. transfer is enhanced by the
flow and in particular the Rayleigh-Taylor instability.

In future work, we will perform more extensive studies ofulid/liquid remediation. In
addition, we will investigate the complex morphologies giated from the application of
chaotic mixing flow to three-phase dispersion. Under appatgconditions, a coalescence
cascade ensures and the three-phases may become inteaegeind continuous. We will
also investigate the limit in which one of the phases liestenltoundary between the other
phases, thus mimicking a surfactant. To perform theseesudie will incorporate adaptive
block-structured mesh refinement techniques [32].
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6. Appendix A. In this appendix, we present an alternative set of const&@ssump-
tions based on an equivalent form of the entropy expressi&ui (2.21) different from that
in Eg. (2.23). Rather than taking quantities relative to¢bstributions from theV; com-
ponent, as done in Eq. (2.23), we instead may consider diganielative to the mean of the
components. Accordingly, using th@g:f1 Jir = 0, re-write Eq. (2.21) as

Ny

1
P"‘pI—FPZVCk@
k=1

OF 1 <~ OF
7 Z

8V6k Nf

pX =

1 < OF 1 .
— t. — - _ - . -1y .7,
+ TkZ:l o\ v N 2 v, V(p V- Jy)

Ny Ny ( — LN ) g

1 1225 N; leﬂj k
+ E \Y Mk—mg Hj Jk+v \7—5 T s
7j=1 k

=1

(6.1)

Taking the diffusion flux7 = S 0 (Mk - N% Zj.v:fl uj) Ji/T we are now in a position
to pose thermodynamically consistent constitutive refetiforP, t; andJ;. Arguing as in
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section 2.1, we obtain the constitutive assumptions

Ny
2
P:—pI—pZVOk® 3Vck__28VcJ <D—§(V-u)l), (6.2)
k=1
Ny
oF 1 oF
tr = .
i Ve, Ny & Z < Ve | ©3)
Jr =iV ,uk——z,uj , for k,...,Ny. (6.4)

Using the form of the free energy from section 2.4, we obtain

1 oL 0F 1 Y,

Note that ife; = ¢, then the sumin Eq. (6.5) vanishes. Therefore the extragdbeiss induced
by concentration gradients is the same as obtained in se2t#f). However, the chemical

potential
N
3 1 Y oF jats
HEe = Mk — § My = - % + | ap — N_f jél QN
1 1
2 2
_ —2pv | pV | ercr — _Nf j:E 1 €5¢; , (6.6)

is slightly different than that obtained in section 2.4. $heven though Eqg. (6.1) is equivalent
to Egs. (2.21) and (2.23), somewhat different constitutalations may be taken.
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