
Asymptotic and Numerical Results for Blowing-Up Solutions toSemilinear Heat EquationsJoseph.B. KellerStanford UniversityandJohn S. LowengrubStanford University and Institute for Advanced StudyABSTRACT. Asymptotic and numerical results for blowing-up solutions to a class ofsemilinear heat equations are presented. They are obtained using the original space-timecoordinate frame without any dynamical rescaling of space, time or solution. A new equiv-alent equation is derived using a nonlinear transformation. Under some assumptions, theasymptotic form, the time and the position of the singularity are determined. Blow-up inthe original equation is equivalent to vanishing in the new equation. As a consequence ofthe transformation and the asymptotic form of the blow-up, all terms in the new equa-tion are bounded. Thus, numerical solutions are easy to obtain right up to the blow-uptime without any loss of resolution. Inverting the transformation yields the solution to theoriginal problem.1. IntroductionThe study of solutions of partial di�erential equations which blow up is animportant and challenging problem. Although physically, we might expectsolutions to remain smooth and bounded, it is not uncommon to see physicalquantities vary by several orders of magnitude over relatively short times.Therefore, we can think of them as nearly blowing-up. This is particularlytrue in combustion problems where semilinear heat equations are usefulmodels (see [1]). A detailed study of blow-up in the mathematical modelmay then give some insight into the near blow-up of physical quantities andmay also provide matching conditions for other, more realistic models thatmay be used near the blow-up time.We shall present asymptotic and numerical results for blowing-up so-lutions to a class of semilinear heat equations. The results are obtainedwithout any dynamical rescaling of space, time or solution, but are obtainedusing the original space-time coordinates instead. A new equivalent equa-



2tion is derived by using a nonlinear transformation of the original unknownsolution.The transformation is derived by ignoring spatial dependence, which isappropriate if the solution is slowly varying. It gives an equivalent formu-lation of the problem and hence it does not restrict the type of blow-upthat can occur. The blow-up is determined dynamically by solving the fullreformulated problem. The transformation can be derived more generally,and this will be discussed elsewhere [11].Under some reasonable assumptions, we determine the asymptotic form,time and position of the blow-up. The asymptotic form shows that in thereformulated problem, all the terms are bounded. The asymptotic resultsare compared with numerical simulations of the full reformulated equation.Traditionally, the main computational tool has been a dynamical rescal-ing of time, space and solution that takes advantage of the scale invari-ant structure of the equations to keep the numerical solutions bounded (see[2,4,12]). In our method, since all the terms in the reformulated equation arebounded, we can use straightforward �nite di�erences to solve the problemnumerically. The numerical solutions are resolved right up to the singularitytime. We �nd good agreement between the asymptotic and the numericalresults for the structure, time, and position of the singularity.In section 2 the asymptotic results are derived and in section 3 the nu-merical results are presented. Section 4 contains some conclusions.2. Reformulation and AsymptoticsWe consider the class of semilinear heat equationsut = �u+ f(u); u(x; 0) = u0(x) > 0; x 2 Rn (1)wheref(u)u !1 as u!1 (2)Examples of this type of nonlinearity include f(u) = up for p > 1 andf(u) = eu, both of which occur in models of combustion [1]. We expect thisclass of problems to have blowing-up solutions where the blow-up is isolatedand has a characteristic structure. For exact statements of theorems, see[1,5,6,9,10] for example.Our interest is to study the asymptotic behavior of solutions which blowup at the time tc and at the point xc. To do so we introduce a new unknownv de�ned byv(x; t) = Z 1u(x;t) d~uf(~u) (3)



3Then we have the following formal asymptotic results:Asymptotic Results1. Suppose that v(x; t) is asymptotically spherically symmetric about xc andis an even function of jx�xcj. Then v has the following asymptotic form:v(x; t) � (tc � t) � n2 Z tc�t0 jlogf(u(s))j�1ds+ jx� xcj24jlogf(u(tc� t))j + � � �(4)2. Suppose that the initial function is slowly varying, i.e. that it is of theform u0(�x) with � small, and that it attains its maximum at xm. LetT0(x) = R1u0(x) d~uf(~u) . Thentc = T0(xm) + �2T0(xm)�T0(xm) +O(�4)xc = xm � �2T0(xm)r�T0(xm)�T0(xm) +O(�4) (5)A. Derivation of TransformationOmit the �u and let the nonlinearity be given by up in equation (1). Thisreduces (1) to the ODE problemut = up; u(x; 0) = u0(x) > 0; x�Rn: (6)This is exactly solvable with the solution:u(x; t) = (p� 1) 11�p (To(x)� t) 11�p : (7)Here T0(x) is de�ned byT0(x) = u0(x)1�pp� 1 (8)Clearly u blows up as t! minT0(x).This example motivates the nonlinear transformation u! v:u(x; t) = [(p� 1)v(x; t)] 11�p (9)Thus the blow-up of u is replaced by the vanishing of v in a special way.By (7), we expect v to vanish linearly in time as t ! tc, the blow-up time.Reformulating (1) in terms of v gives:vt = �1 +�v � pp� 1 jrvj2v ; v(x; 0) = (p� 1)�1[u0(x)]1�p: (10)



4Thus, the e�ect of the transformation is to replace the up term in (1) by�1 (this is the linear vanishing) but at the expense of adding the nonlineargradient term. This additional term might be cause for worry as v appearsin the denominator and is expected to vanish. However, we will show laterthat the asymptotic structure of v near the blow-up point is such that thisterm is in fact bounded.Now, suppose that we have the general nonlinearity f(u). Similar consid-erations suggest the following nonlinear transformation:v(x; t) = Z 1u(x;t) d~uf(~u) (11)which gives the reformulated problemvt = �1 +�v � f 0(u(v))jrvj2 ; v(x; 0) = Z 1u0(x) d~uf(~u) : (12)An advantage of the transformation is that the main e�ect of the nonlinearityis scaled out of the equation for v. The v equation depends only weakly onthe nonlinearity f(u). The original solution u is obtained by inverting thetransformation (11), either analytically or numerically.B. Asymptotic Structure in TimeLet us suppose that the �rst singularity appears at x = 0 (without loss ofgenerality) and at t = tc. Let v be given by (11) and satisfy equation (12).Further, suppose that near the singularity, v has an even, radial expansion:v(x; t) = v0(t) + r22! v2(t) + r44!v4(t) + � � � (13)where r = jxj. Now, substituting the expansion (13) of v into equation (12)and equating coe�cients of r, we obtain the coupled di�erential equationsfor the coe�cients v0 and v2:dv0(t)dt = �1 + nv2dv2(t)dt = �2f 0(u(v0))v22 + 2 + n3 v4 (14)Of course, the system is not yet closed as v4 appears explicitly and thus v0and v2 depend on the higher coe�cients through v4. However, let us supposethat jv4j << jf 0(u(v0))v22j near the singularity time. Then omitting v4 closesthe system (14) near the singularity time as:dv0(t)dt = �1 + nv2dv2(t)dt = �2f 0(u(v0))v22 (15)



5This system can be solved in the following manner. First, we rewrite (15)as v0(t) = (tc � t)� n Z tct v2(�)d�v2(t) = �2 Z t0 f 0(u(v0(�)))d� + 1v2(0)��1 (16)by integrating in time. We can solve (16) by the iteration method:vj+10 (t) = (tc � t) � n Z tct �2 Z �0 f 0(u(vj0(~�)))d~� + 1v2(0)��1 d�vj+12 (t) = �2 Z t0 f 0(u(vj+10 (�)))d� + 1v2(0)��1 (17)We use the starting valuesv00(t) = tc � tv02(t) = 12 j log f(u(tc � t))j (18)They are suggested by eliminating the v2 term from the �rst equation in (16)to decouple the two equations. See the appendix for the evaluation of theintegral in the second equation. That this method is convergent, for tc � tsmall enough, and asymptotic, in the sense thatvj+10vj0 = 1 +Gj;j+1(t); where Gj;j+1(t)! 0 as t! tc (19)will be presented elsewhere [11].By using (19), the starting conditions (18), and the expansion (13), we�nd that:v(x; t) = Z 1u(x;t) d~uf(~u)� (tc � t)� n2 Z tc�t0 jlogf(u(s))j�1ds+ r24jlog(f(u(tc� t))j + � � �(20)In the case f(u) = up, (20) reduces to:v(x; t) � (tc � t)� n2p Z (p�1)(tc�t)0 dxjlogxj + p� 14p r2jlog(tc� t)j + � � � (21)In terms of u, (21) givesu(x; t) � ((p� 1) "tc � t � n2p Z (p�1)(tc�t)0 dxjlogxj + p� 14p r2jlog(tc � t)j + � � �#) 11�p (22)



6Alternatively, in the case f(u) = eu, we get:u(x; t) � �log �(tc � t)� n2 Z tc�t0 dxjlogxj + r24jlog(tc� t)j + � � �� ; (23)since the inverse of the transformation is u(x; t) = �log(v(x; t)). By expand-ing (22), using the binomial theorem, we see that it agrees with the results in[5,7-10]. Similarly (23) agrees with those derived in [3]. An advantage of ourapproach is that it yields the more general result (20) for v. Inverting thetransformation (11), either analytically or numerically, to �nd u determinesits general asymptotic structure. This completes the derivation of (4).C. Slowly Varying Initial DataIn the preceding analysis we assumed that blow-up occurs at some pointtc; xc, but we did not determine that point. By considering slowly varyinginitial data we shall show that blow-up does occur at one point, and we shalldetermine it.We suppose that u(x; 0) = u0(�x). Then letting x0 = �x in (1) and thenomitting the prime givesut = �2�u+ f(u) (24)De�ning v by (11) as before, and transforming (24) correspondingly givesvt = �1 + �2�v � �2f 0(u(v))jrvj2 (25)The initial data for v are given byv(x; 0) = T0(x) = Z 1u0(x) d~uf(~u) (26)Thus (1) has been transformed to (25) and (26) for v.We now suppose that v has the asymptotic formv(x; t; �) = v0(x; t) + �2v2(x; t) +O(�4) (27)Only even powers of � appear since (25) depends on �2. Substituting (27)into (25) and equating powers of � gives the systemdv0(t)dt = �1; v0(x; 0) = T0(x)dv2(t)dt = �v0 � f 0(u(v0))jrv0j2; v2(x; 0) = 0 (28)



7These equations (28) for the �rst two coe�cients can be solved in closedform. Substituting the results into the expansion (27) givesv(x; t) = T0(x)� t+ �2 �t�T0(x)� jrT0(x)j2log f(u(T0(x)� t))f(u0(x)) �+O(�4)(29)We now seek the �rst time at which v(x; t) = 0 for some x. To do so weevaluate (29) at xc; tc and equate it to zero:v(xc; tc) = 0 = T0(xc)� tc+�2 �tc�T0(xc)� jrT0(xc)j2log f(u(T0(xc)� tc))f(u0(xc)) �+ O(�4)(30)Without loss of generality, we assume that T0(x) attains its minimum valueat x = 0. We also assume that rT0(0) = 0. Now we write the followingexpansions for tc and xc:tc = T0(0) + �2tc;2 + � � �xc = 0 + �2xc;2 + � � � (31)We use the expansions (31) in (30) and equate powers of �. At the secondorder, this yields only the correction to the blow-up time:tc;2 = T0(0)�T0(0) (32)The second order correction to the blow-up position is still undetermined.To �nd it, we take the gradient of (29) and suppose further that (xc; tc) is acritical point of v. Thenrv(xc; tc) = 0= rT0(xc) + �2tcr�T0(xc)��2r�jrT0(xc)j2log f(u(T0(xc)� tc))f(u0(xc)) �+O(�4) (33)Now, using the expansions (31) in (33) determines the second order correc-tion to the position:xc;2 = �T0(0)r�T0(0)�T0(0) (34)This completes the derivation of (5).



83. Numerical ResultsWe now investigate, numerically, the behavior of solutions to (1) with f(u) =u5 and in one space dimension. This problem was most recently studied in[2]. We compare the asymptotic results 4, 5 with the numerical simulationsof the full reformulated problem. The problem we solve is:ut = uxx + u5; �a � x � au(�a; t) = u0(�a) (35)These boundary conditions, were chosen for their simplicity. We found thatthe boundary conditions had little e�ect on the singularity structure pro-vided that the boundary is far enough away from the maximum of u0.In this case, p = 5 and the appropriate transformation isu(x; t) = [4v(x; t)]� 14 (36)The reformulated problem is thenvt = �1 + vxx � 54v2x=v; �a � x � av(�a; t) = T0(�a) = u0(�a)�4=4 (37)We now use the asymptotic result (4) with f(u) = u5. When the secondterm is omitted, because it is asymptotically smaller than the �rst term, weobtainv � (tc � t) + (x� xc)25jlog(tc� t)j (38)To estimate tc and xc we use (5) with � = 1 and we gettc = T0(xm) + T0(xm)T 000 (xm)xc = xm � T0(xm)T 0000 (xm)T 000 (xm) (39)The `higher order' corrections have been omitted. We cannot expect 39 tobe very accurate since � = 1 is not small.It is straightforward to see that the asymptotic form of v implies that thenonlinear term in 37 is bounded. Letva(x; t) = (tc � t) + x25jlog(tc� t)j (40)Thenv2axva = 45 x2[x2 + 5(tc � t)jlog(tc � t)j] (41)



9This is clearly bounded, even as t! tc. Therefore, we shall use straightfor-ward �nite di�erences to solve the problem numerically.We de�ne wnj to be the numerical approximation to v(n�t; jh) where �tand h are the temporal and spatial grid sizes respectively. The di�erenceequation iswn+1j � wnj�t = �1 + (wnj�1� 2wnj + wnj+1)h2 � 516 (wnj+1 � wnj�1)2h2 1wnj (42)which is �rst order in time and second order in space. We also choose �t =14h2 to satisfy the stability requirement.The numerical blow-up time t�c is chosen to be the �rst time that thenumerical solution v becomes negative, and x�c is the position at which thisoccurs. A typical value of the numerical solution at t�c is �10�8, so t�c is onlya slight overestimate. Thus, the calculation actually continues the solutionslightly beyond the blow-up time of the original solution u. The methodbecomes unstable a short time after the blow-up happens, however. Thenumerical blow-up structure will be compared to the predicted formula 38of the parameters tc and xc.The �rst calculation is the evolution of the parabolav(x; o) = T0(x) = 2�6 + x22 ; �1:5 � x � 1:5 (43)Here xm = 0, T 000 (0) = 1 and T 0000 (0) = 0. The time evolution of the solutionv(x; t), with h = :00586, is shown in �gure 1. The topmost curve is the initialcondition (t = 0) and the lower curves are the solutions at successively latertimes. At the �nal time shown, the minimum value of v is O(10�8). Notethat the pro�le tends to 
atten. This corresponds to a sharpening pro�le ofthe original untransformed solution u as is shown in �gure 2. For �gure 2, vwas computed �rst and then u was determined from v via the transformation36. Notice how sharply peaked the �nal pro�le is in �gure 2. The �nal curvein �gure 2 is shown at a slightly later time than that of �gure 1. In �gure3, the values of u on the grid at the �nal time level are shown. It is clearfrom their distribution that a direct computation of u is very di�cult asnumerical resolution and stability become increasingly di�cult to maintain.This is in contrast to �gure 4 which shows the distribution of v on the grid.There is clearly no such problem here. This is the remarkable feature of thereformulation!We now compare the asymptotic structure of the singularity (given by38) with the numerical computation in �gure 1. The result is shown in �gure5. The agreement is excellent and the curves lie on top of each other (at thesingular point) to within the plotting resolution. The asymptotic predictions39 for these data are tc = 3:125� 10�2 and xc = 0. The computed values



10are found to be t�c = 2:861� 10�2 and x�c = 0. The agreement for tc is poorbecause � = 1 is not small.The previous computation, as well as all the subsequent computations,takes less than 5 minutes to run on a Sun sparcstation 2. In the subsequentcomputations, we do not give the graphs of the original solution u as theirform is the obvious modi�cation of that from the parabolic computation.We now consider initial data with more than one local minimum (maxi-mum for the original solution u). Such data presents a challenge for rescalingalgorithms as it is not always clear which maximum will blow-up �rst.The second computation has as initial data the �fth order polynomialsatisfying the conditionsT0(�:5) = :015625 = 2�6T 00(�:5) = 0T 000 (�:5) = 1 (44)which has local minima at x = �:5. The domain is 1:5 � x � 1:5 and thethird derivative is found to be T 0000 (�:5) = �6. The time evolution of thissolution is shown in �gure 6 (h = :00586). Both minima tend to 
attenand again there is no problem with resolution or stability. The minima passthrough zero at the same time.The asymptotic structure 38 is compared with the numerical results in�gure 7 and again the agreement is excellent. The asymptotic results 39predict that both minima will hit zero at the same time tc = 3:125� 10�2and their positions will be xc = �:40625. Numerically, both minima passthrough zero at t�c = 2:6485� 10�2 and at x�c = �:428175. Of course since� = 1 is not small, the lack of agreement is to be expected.The third computation takes initial data with two local minima, but ofdi�erent heights:T0(�:5) = :015625T0(+:5) = :02T 00(�:5) = 0T 000 (�:5) = 1:0 (45)on the domain �1:5 � x � 1:5. The third derivatives are T 0000 (�:5) = �5:7375and T 0000 (+:5) = 6:2625. The time evolution of this solution is shown in �gure8 (h = :00293). Both minima still tend to 
atten, but the one correspondingto x = �:5, initially, passes through zero �rst.The asymptotic results predict that the minimum located at x = �:5,initially, will hit zero �rst at tc = 3:125 � 10�2 and at xc = :41305. Thenumerical singularity time and position are found to be t�c = 2:663� 10�2



11and x�c = �:4248. The asymptotic structure 38 is compared to the numericalresult in �gure 9. The agreement is excellent.The fourth computation takes initial data with two local minima withthe same height, but di�erent curvaturesT0(�:5) = :015625T 00(�:5) = 0T 000 (+:5) = 1:0T 000 (�:5) = 1:5 (46)on the domain �1:5 � x � 1:5. Further, T 0000 (�:5) = �10:5 and T 0000 (:5) = 4:5.For this data, the asymptotic prediction is that the minimum located at x =:5 initially, will hit zero �rst at tc = 3:125�10�2 and at xc = :440625. This isindeed what happens numerically. The evolution is shown in �gure 10. Thenumerical singularity time and position are found to be t�c = 2:6901� 10�2and x�c = :43945. The asymptotic structure 38 is compared to the numericalresult in �gure 11 where the agreement is excellent.It is not surprising that the predicted singularity times and positionsdo not agree so well with their numerical counterparts. The asymptoticpredictions were derived only for slowly varying initial data, an assumptiont38s clearly violated by the initial data for the numerical computations.It is to be expected, however, that the predicted asymptotic form (38a)agrees so well with the full numerical simulations. The asymptotic form wasderived under the assumption that tc � t is small. The singularity time, tc,and position, xc, are assumed to be given. In the comparison, the numericalvalues t�c and x�c are used to determine the asymptotic form. Since this formis then compared to the numerical solution at times near t�c , we have everyreason to expect the agreement to be good.4. ConclusionsWe have presented asymptotic and numerical results for blowing-up solu-tions to a class of semilinear heat equations. We have shown how to refor-mulate the problem exactly to yield a new equation. This new equation has,as its essential feature, all of its terms bounded; a fact that can be seenfrom the asymptotics. Thus, straightforward �nite di�erence techniques canbe used to solve it numerically. This is a tremendous savings as previousnumerical computations, for this type of problem, have relied on dynamicalrescaling algorithms [2,4,12] and are therefore much more complicated. Infuture work, we will consider more general transformations for this prob-lem. We hope that by deriving the transformation more generally, we will



12be able to apply our techniques to other problems with blowing-up solu-tions. Of course, as we have seen here, the success of such a transformationdepends crucially on the asymptotic form of the blow-up up solution. Fi-nally, we hope that the reformulation will also help to simplify the proofs ofrigorous results. This is partially borne out in [11] where we give a simpleproof of blow-up.AcknowledgementsThe authors are pleased to thank R. Kohn and M. Berger for some fruitfuldiscussions. The authors are partially supported by NSF and ONR grants.The second author is also partially supported by an NSF postdoctoral fellow-ship. The current address of the second author is the School of Mathematics,Vincent Hall, 206 Church St. S.E., University of Minnesota, Minneapolis,MN 55455.5. AppendixIn this appendix, we evaluate the integralZ t0 f 0(u(tc � �))d� (47)as follows. Let v0 = tc� �: Then dv0 = �d� . Therefore the integral becomes� Z v0(t)v0(0) f 0(u(v0))dv0 (48)Now, recall that u and v0 are related by the transformationv0 = Z 1u d~uf(~u) (49)Change the variable of integration in (47) to ~u = u(v0). Thus d~u = �f(~u)dv0.This givesZ u(v0(t))u(v0(0)) f 0(~u)f(~u) d~u = log f(u(tc� t))f(u0) (50)since u(v0(0)) = u0.
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14Figure 9. A comparison of the asymptotic form with the full numericalsolution (from �gure 8 at t = 2:6631� 10�2) is shown.Figure 10. The time evolution of the solution with data 46 is shown. Thefull computational domain is �1:5 � x � 1:5. (h = :00293, t�c = 2:6901�10�2and x�c = :43945)Figure 11. A comparison of the asymptotic form with the full numericalsolution (from �gure 10 at t = 2:69� 10�2) is shown.


