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Abstract

In this paper, we study the nonlinear stability of growing crystals and the development of protocols for controlling their
shapes. We focus on the effects of surface tension anisotropy on the morphology of a 2D, non-circular crystal growing in a
supercooled melt. We use a spectrally accurate boundary integral method to simulate the long-time, nonlinear dynamics of
evolving crystals and to characterize the nonlinear morphological stability during growth. Our analysis and simulations reveal
that under critical conditions of an applied far-field heat flux, there is nonlinear stabilization leading to the growth of compact
crystals even though unstable growth may be significant at early times. The crystal morphologies are determined by a complex
competition between the heat transport (far-field flux) and the strength of surface tension anisotropy. In particular, we observe
three types of behavior: universal, limiting and oscillatory. Universal behavior occurs when the shape of the evolving crystal
tends to a shape that is independent of both time and the initial condition. Limiting behavior occurs when the shape of the crystal
tends to a shape that is independent of time, but depends on the initial condition. Oscillatory behavior occurs when the shape
depends on both time and the initial condition, though its growth is bounded. Unlike the isotropic case where universal shapes
have an arbitrary symmetry that depends only on the far-field flux [S. Li, J. Lowengrub, P. Leo, V. Cristini, Nonlinear Stability
Analysis of Self-similar crystal growth: control of Mullins-Sekerka instability, J. Crystal Growth 277 (2005) 578-592.], here
the surface tension anisotropy selects the symmetry of the universal shape. The results are presented as a phase diagram th:
characterizes the long time evolution behavior in a plane parameterized by the far-field flux and the strength of surface tension
anisotropy. The phase diagram delineates the parameter ranges for the observed behaviors and can be used to design a nonline
protocol to control the shapes of growing crystals that might be able to be carried out in an experiment. Finally, the analysis
developed here may provide insights on the control of pattern formation in other physical and biological systems.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction that compact nonlinear crystal shapes can be achieved.
Their results also suggested that nonlinear self-similar
Pattern formation is typically characterized by a evolution and the control of crystal morphologies are
competition among stabilizing and destabilizing ef- possible.
fects (e.g.[1]). This is particularly evident for crys- In 2D, in order to balance the growth time and
tal growth problems where it has been recognized surface tensiontime scales and to suppress the Mullins-
that growth morphologies are determined by the in- Sekerka instability, the far-field heat flux needs to be
teraction between macroscopic driving forces (applied scaled ask~! because of the spatial differences be-
supercooling or far-field flux) and microscopic in- tween the 2D and 3D growtf#,5,12] Li et al. [4]
terfacial forces (surface tension, kinetics of atomic identified precise heat flux conditions such that these
attachment, anisotropies, etc.) and their associatedtwo time scales balance. They developed a nonlin-
time scales. The interaction among these forces pro- ear theory of self-similar crystal growth and demon-
duces complex morphologies including dendrites and strated the existence of 2D non-circular self-similar

side-branches, which have been extensively studiedsolutions[4]. Recently, Li et al[5] performed a sta-

theoretically (e.g.[2-18]) and experimentally (e.g.
[26—31). The complex morphologies are a result of
the Mullins-Sekerka instability. In many applications

bility analysis of these self-similar solutions under
isotropic surface tension. Very interestingly, at long
times nonlinear stabilization was found even though

(e.g. castings) it is desirable to suppress the insta- unstable growth may be significant at early times.

bility and prevent the formation of complex shapes.
Mullins and Sekerkdl15] identified the possibility of
growing crystals with compact shapes when the su-
percooling is kept sub-critical but this was not quan-
tified. Much less work has been performed on this
topic. Our work here helps to fill this gap. More
generally, our work also may provide insights on
the control of pattern formation in other physical
and biological systems such as epitaxial growth of
thin films (e.g.[19]), viscous fingering (e.g[20]),
bacteria colonies (e.d21]) and tumor growth (e.g.
[22-24).

The Mullins-Sekerka instability arises because of
the imbalance of time scales governing the macro-
scopic and microscopic forces. For example, the ra-
tio of the time scale for growth,, (due to a constant
supercooling) and the time scale over which surface
tension acts, scales as,./t; « R~! whereR is the
effective radius of the crystal, i.e. radius of a sphere
with the same volume (sd@,12]). Thus, the surface

This stabilization was found to lead to the existence
of universal limiting shapes. In particular, the mor-
phologies of the nonlinearly evolving crystals tend to
limiting shapes that evolve self-similarly and depend
only on the flux[5]. A number of limiting shapes
exist for each flux (the number of possible shapes ac-
tually depends on the flux), but only one is univer-
sal in the sense that a crystal with an arbitrary initial
shape will evolve to this universal shape. Linear the-
ory was found to provide a good prediction for the
flux to achieve ak-fold symmetric universal shape.
Oscillatory behavior may occur for a narrow range of
fluxes near the transition region frdfold to (k + 1)-
fold symmetric universal shapes. A phase diagram was
constructed to characterize the achievable symmetries
of the limiting shapes as a function of the far-field
flux.

In this paper, we extend our recent styéy and
examine the effects of surface tension anisotropy on
the morphology of a 2D, non-circular crystal growing

tension has less and less time to stabilize the shapein a supercooled melt. We use a spectrally accurate

during growth. In 3D, Cristini and Lowengruj2,3]
showed that the time scaleg and¢, can be balanced
(i.e. too/t; ¢ 1) and the Mullins-Sekerka instability

boundary integral method to simulate the long-time,
nonlinear dynamics of evolving crystals and to char-
acterize the nonlinear morphological stability during

can be suppressed if instead the far-field heat flux is growth. Our analysis and simulations reveal that un-
constant (the supercooling is time dependent). Note der critical conditions of an applied far-field heat flux,

that what we mean by flux here is the integral flux
applied at the far-field boundary, see E4). In par-
ticular, Cristini and Lowengrulj3] showed numeri-
cally via 3D adaptive boundary integral simulations

there is nonlinear stabilization leading to the growth
of compact crystals even though unstable growth may
be significant at early times. The crystal morpholo-
gies are determined by a complex competition between
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the heat transport (far-field flux) and the strength of 2. Theory
surface tension anisotropy. In particular, we observe
three types of behavior: universal, limiting and oscil-
latory. Universal behavior occurs when the shape of
the evolving crystal tends to a shape that is indepen- We consider a two-dimensional solid crystal
dent of both time and the initial condition. Limiting  growing quasi-statically in a supercooled liquid phase.
behavior occurs when the shape of the crystal tends The interfaceX separates the solid phagg from the

to a shape that is independent of time, but dependsliquid phases2;. We assume for simplicity that local
on the initial condition. Oscillatory behavior occurs equilibrium holds at the interface, and the thermal
when the shape depends on both time and the initial diffusivities of the two phases are identical. However,
condition, though its growth is bounded. Unlike the the results presented herein apply more generally
isotropic case where universal shapes have an arbitrary[37]. Using the nondimensionalization given [i&,3]
symmetry that depends only on the far-field flis}, in which the length scale is the equivalent radius of
here the surface tension anisotropy selects the symme-the crystal at timer = 0 and the time scale is the
try of the universal shape. The results are presented ascharacteristic surface tension relaxation time scale, the
a phase diagram that characterizes the long time evolu-following equations govern the growth of the crystal:
tion behavior in a plane parameterized by the far-field

2.1. Governing equations

flux and the strength of surface tension anisotropy. The VI =0 in® i=12 1)
phase diagram delineates the parameter ranges forthe, — (v, — v7,).n onx, )
observed behaviors and can be used to design a non-
linear protocol to control the shapes of growing crys- 71 = T2 = —t(nN)x onX, 3)
tals that might be able to be carried out in an experi-
ment. . 1

Although this paper focuses on crystal growth in 2D, 27 ROIJTOO /Zm VIz2-nd¥e = on /x Vs,
our analysis applies qualitatively to 3D. This is because 4)
once the difference between 2D and 3D heat fluxes (i.e.
area versus volume growth) is scaled out the governing where X, is a circle with radiusR .. The interfacex
equations are very simildd]. In addition, the linear  evolves via
analysisir{5] shows thatinteractions amongthe pertur-
bation modes are similar in both 2D and 3D. However, n- — =V onX, (5)

the surface tension anisotropy is more complicated
in 3D, since there are two principal directions of
curvature.

We note that in the special case in which the
velocity of the crystal is determined locally by
the surface energy, and not by diffusion as con-
sidered here, it has been shown that the evolution
tends to the Wulff shapd35,36] The relevance
of this example to our work is currently under
study.

This paper is organized as follows: in Section
2, we review the governing equations, and linear
stability analysis; in Sectior3, we describe the
numerical scheme; in Sectiofy we briefly review
the results of a crystal with isotropic surface tension.
in Section5, we discuss numerical results; and in
Section6, we give conclusions and describe work in
progress.

whereT; is the temperature field,= 1 for solid phase
andi = 2 for liquid phase)V is the normal velocity
of the interfacen is the unit normal directed towards
£20, k is the curvaturer is the anisotropic surface ten-
sion, andJ is the far-field heat flux. In Eq4) we have
used the fact that thE are harmonic so thatspecifies
the time derivative of the area of the solid phase. In 2D,
the normal vecton = (n1, np) can be characterized
in terms of the tangent angte= tan 1(—n1/n>), i.e.
the angle that a tangent vector makes withathexis.
Thus, the anisotropic surface tensiog t(6). Further,
(0) = y(0) + y”(6) where y(9) is the anisotropic
surface energy. For a generah-fold symmetric
anisotropy,

y(0) = 1+ v, cOSm0,
7(0) = 1 — (m? — 1)v,, cosm@

(6)
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wherev,, is the strength of the anisotropy (e.g. see Ifthe applied fluxJ < Ji(z), then thek-th mode pertur-
[14]). In this paper, we restrict our study to the case bation decays. If > Ji(¢), thek-th mode perturbation
vm < 1/(m? — 1). Thus, there are no missing orienta- grows. If J = Ji(r) the k-th mode perturbation is un-

tions, as would be the case with larger anisotropies.

2.2. Linear analysis

In this section, we analyze the linear stability of a
growing crystal following[15,16,2,4,25] We take the
perturbed crystal-melt interface to be given by a linear
combination of Fourier modes,

r(a, t) = R(t) + i 81 (1) cos ke,
k=2

()

whereR(r) is the radius of a underlying growing circle
(R(0) = 1), thes's are amplitudes of perturbations, and
«a is the polar angle. We assume that the anisotigpy

changed (i.e. self-simild#]). As discussed in Section
1, the critical flux Ji(¢) scales as AR(¢) in order to
balance the time scales for growth and surface tension.
Also, because of anisotropk(t) depends on the cur-
rent shape througby(r)/R(f) whenk = m. Note that
that anisotropy reduces the critical flux compared to
the isotropic case whetg, = 0, see Eq(11).

It can be show{B37] that by taking an alternative flux

~ C
Ji(r) = Fi)
Ym
@k:w. 1_((Sm/R)OO = (12)
k—2 1 k#m,

where §,,/R)s > v, IS a time independent param-

is on the same order as the amplitudes of perturbationSatar then the evolution 08,, /R tends 1o §,/R)a

so that products of,, ands’s are neglected. Note that

in Eq.(7), Kk = 1 means a translation of a circle (i.e. no

shape perturbation occurs). The rate of area growth for

the unperturbed circle is

dr

R(t)— = J(1), 8
(g =10 ®)

whereJ(¢) is the specified flux. The far-field tempera-

ture T, is related to the heat flux via

)

whereR is the radius of a large circle containing the
growing crystal[4]. The growth rate of thé&th mode
perturbation,

(%) &l

where the critical flux/; and the associated linear flux
constaniCy are

1
_m,

R

0 9)

Txo(t) = —J (1) log <

,]_ g
dr

Sk

R

Sk
R

_ (k=20 = %)

e (10)

Jk(t)z%a
o= 2= 1 GGy =
k—2 1 k # m.

11)

as R — oo if J =17, for any initial perturbation
3,(0)/R(0). Note that if §,,/R)e0 < v, then the
crystal shrinks ands,,/R tends to §,/R)e as
R — 0. In contrast, in the isotropic case, =0
the initial perturbation is unchanged in time, i.e.
Sm(t)/R(t) = 8,,(0)/R(0) if J = J,. Thus, the pres-
ence of anisotropy provides a mechanism to control
the growth of moden. At the level of linear theory,
modesk # m evolve as in the isotropic case.

If the initial shape of an interface is a mixture of
Fourier modes, the flux that makketh mode have the
largest growth rate can be derived as

2 —_— T =
il G/ "

1
R®) |4 [+ m.

Given a wavenumbeér# m and taking the applied flux
to beJ = J, then Eq(10) can be solved to yield:

Vm

2

I () = 13)

Zm(m2 — vy, o) s
)= gt g2y * RO k=
,BkR(t)Q(kJ) k£ m.
(14)

wherek is an arbitrary mode anglk, /) is given by

—2k(k? — 1)+ (k — 2)(612 — 2)

qlk. 1) = 622 :
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and R can be found by integrating the normal velocity over
5 the interface and dividing by/2to get
Sm 2m(m< — L)y, Sk — =~
Bu= 2O+ = and fr = —(0). A 1 dR()
— = ——=— 1
R q(m, 1)(612 — 2) R J=—= G (18)

Eq. (14) shows that the anisotropy symmetry made  The normal velocity in the new frame (r, a) =
associated with the surface tension can compete with % - n and satisfies

model, the mode with the fastest growth rate. For in-

stance, there exists a critical radif#§, such thatthe  —¢(n)x — JG[x] = /7 G(X — X )Vds' + Tao(?),
growth rates of moden andl are equal ak;;, , z

. (19)
Rji, = (q(ml)ﬂ’"> " (15) and
q(, DB _
where p = g(l,1) — q(m, ). For R < R};,, the mode 0= /g vas, (20)
m grows faster than modeeven though/ = J;*. For _ <RJ d _ B
R > R}, model dominates. whereJ = —— = —log(R(¢)) and«x = R«. Thus, the
In addition, Eq(14) shows that if < m andg <0 scaling factofr‘ is dr
thend,, /R tends to a finite value that depends only on _
v, M | andis independent of the initial data. Ifinaddi- — — r—
tion! < kandg < 0, for anyk, or if only modest > m R(r) = exp (/ Jdt) ‘ (21)

are present initially the linear evolution converges to _

the same limiting shape. This hints at the possibility of Further, in Eq. (19) we have takenTy(f) =
universality that does not exist in the case of isotropic A log(R) — B/ o o
surface tension (i.ey, = 0). I+ To(t)R(, and G(x) = [5X - n(X)

G(X —X)ds'.
To evolve the interface numerically, Eq4.9) and
3. Boundary integral method with time and (20) are discretized in space using spectrally accu-
space rescaling rate discretizations and a scaled (equal arclength)

parametrizatiori32]. The resulting discrete system is
In order to fully characterize the nonlinear morpho- Solved efficiently using GMRES together with a diag-
logical stability of a growing crystal, we use aspectrally ©onal preconditioner in Fourier spaf2,34] OnceV
accurate 2D boundary integral method in which a novel iS obtained, the interface is evolved by using a sec-
time and space rescaling is implemen(gH This en- ond order accurate non-stiff updating scheme in time
ables us to accurately simulate the long-time, nonlinear [32,33]
dynamics of evolving crystals. For completeness, the

method is briefly described below. 4. Isotropic results
Following [2,5], we introduce the spatial and tem-
poral scaling of the dynamical equations In this section, we briefly review our studies of a
g crystal with isotropic surface tensidb]. In [5], we
X = R(X(t, ), (16) applied fluxes of the forrd = C/R(¢) in the far-field,
_ r1 ) where the flux constar@ is varied. As seen from Eq.
= /0 R0 dr’, (17) (10) this choice of flux implies that the number of lin-

. early unstable modes is bounded independent of the
whereR(t) = R(t(¢)) andx(z, «) is the position vector  crystal size and the Mullins-Serkeka instability is sup-
of the scaled interface, ands the new time variable.  pressed.

The scalingR is chosen such that the ardaenclosed Our analysis and simulations revealed that there
by the scaled interface is constant in time. The scaling is nonlinear stabilization leading to the growth of
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compact crystals even though unstable growth may 11— - - " " -
be significant at early times. We observed three types ;| P

of behavior: universal, limiting and oscillatory as | B P -

discussed in Sectiod. Universal behavior occurs Ar I
when the long time shape of the evolving crystal = s} :
is independent of both time and the initial shape. z . I e
Limiting behavior occurs when the long time shape ¢ T
of the crystal is independent of time, but depends & & R F 1
on the initial shape. Finally, oscillatory behavior @ 5t S 1
occurs when the long time shape depends on both KO el Chiveres)
time and the initial shape, though its growth is A E T o2 \ 1
bounded. 3 ik max. growth rate 1] 1
By performing a series of simulations, we con- 5L , ‘ , ,
structed a limiting shape phase diagram that maps the 2 100 120 =00 <0 0
limiting morphologies onto a graph shownFfig. 1(a) (@) Flux Constant (c)

in terms of their symmetries and associated flux con-
stantsC. Note thatFig. 1(a) is a simplified phase dia-
gram, and the full version was shown[5]. The set of gt LS b
dynamically achievable shapes is found to be in region ‘

Il. The curve marking lower bound of region Il de-
scribes the parameters appropriate to obtain universal 2
shapes. Note that the universal shapes are determinecf %4
solely by the heat flux. This curve takes a stair-case
pattern because there are morphology transitions from &
k-fold to (k + 1)-fold symmetries. The circles mark the ozl ¥ IC@ 1=
transitions. Near these transitions, oscillatory behavior D

05+

ré/R

hape

0.3+

is observed. On the universal curve, the length of each 0.1} el =

step increases as the flux constant increases indicat-

ing that larger and larger fluxes are needed to produce 50 100 150 200 250 300
higher and higher symmetries of the universal shapes. (b) Flux Constant (c)

Note that because the surface energy is isotropic, the
growing crystal may achieve any symmetry. There is Fig. 1. (a) Limiting shape phase diagram. The set of dynamically
a continuous set of flux constants that can be used to achievable shapes is found to be region Il. Region Il is bounded

hi limiti b i . N sh by an upper dashed curve (linear theory) and a piecewise constant
achieve alimiting ( ut not necessarily umversa) shape .,ne (nonlinear results) that describe the relation between the ob-

of a particular symmetry. The shape factdysR of served symmetries of the limiting shape and the flux constant. The
these limiting shapes are different. The shape factor stars denote actual simulation data. The universal limiting shapes

8/ R measures the deviation from a circle and is defined lie on the lower piecewise constant curve. In between these curves,
as non-universal shapes may occur with finite multiplicity. The upper

dashed curve shows the relation between the flux constant and the
L~ mode with zero growth rate (i.e. self-similar). The lower dashed curve
3/R = maXf(e):(|X|/|Reff - 1|), (22) shows the relation between the flux constant and the fastest grow-
ing mode. (b) The associated shape factors of the universal limiting
whereX is the position vector from the centroid of the shapes. The solid-dotted curve suggests that the asymptotic behavior
shape to the interface amis is the effective radius of ~ M bed/R ~ V/C at large flux constant€. The vertical dashed
he sh lines indicate transitions from symmetkyto k + 1. Representative
the s a}pe. . . universal morphologies are shown for each symmetry.
In Fig. 1[b] we examined the relation between the
shape factorg/ R of the universal limiting shapes and
the flux constant. The vertical dashed lines indicate
transitions from symmetri to k + 1. Representative
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universal morphologies are shown for each symmetry.
The solid-dotted curve suggests that the asymptotic
behavior may be/R ~ +/C at large flux constants
C. This suggests the intriguing possibility there may
be a critical value ofC at which the topology of the
universal shape changes from a simply connected
to a multiply connected region characterized by a
shape with identical, equally spaced fingers that are all
connected at the origin (i.e. there is an inner tangent
circle with vanishing radius). This is currently under
study.

5. Anisotropic results

In this section, we present the results of a param-
eter study in which the surface tension anisotropy is
four-fold symmetric, i.em =4 in Eq. (6), and the
anisotropy strength = v, is varied. Because we want
the growth and surface tension time scales to balance,
we use fluxes of the formi = C/R(t), where the flux
constanC is also varied.

Our analysis and simulations reveal that, as in the
isotropic case, nonlinearity stabilizes the evolution of
a growing crystal even though unstable growth may
be significant at early times. In particular, we observe
three types of behavior: universal, limiting and oscilla-
tory. By performing simulations with a variety of initial
shapes, anisotropy and specified flux constants, we
map the resulting morphologies onto a phase-diagram
that is shown irFFig. 2(a). In this figure, the parameter
space is accordingly divided into three regions accord-
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0.03

/! v=l 0.32(1—(‘]’70)

0.025+
4-fold Universal Shape Region

0.02 +

0.015¢+

v=0.0027(C — 105)0%
0.01} |

Anisotropy Strength v

0.005+

100 120 140
Flux Constant (C)

80 160 180

0.5
0.48
0.46
0.44}
0.42}

0.4}
0.38}
0.36}
0.34}
0.32}

60
(b)

Fig. 2. (a) Limiting shape phase diagram. Region |: The set of dy-
namically achievable universal shapes. Region II: the set of dynam-
ically initial-data dependent limiting shapes. Region IlI: the set of
limiting and oscillatory shapes. (b) The associated shape factors of

ing to the results of Iong—time simulations. The stars the universal limiting shapes for different anisotropy strengths

are a result of simulations that define the boundaries
of the regions up to an accuracy of approximately
5% in the flux constant. The other symbols are the
results of specific simulations that will be discussed
later.

The set of the dynamically achievable universal
limiting shapes found in this paper is contained in the
region marked I. That is, for each valuewandC in
region I, the evolution tends to a unique four-fold sym-
metric universal shape. The four-fold symmetry is due
to the anisotropy and the fact that the universal shape is
independent of the initial data. This is in contrast to the
isotropic case we studied previously where universal
shapes are achievable with any symmefsy and
depend only on the flux constant. Here, the surface ten-

sion anisotropy selects the symmetry of the universal
shape.

Region | is bounded on the left by a nearly linear
curve which is qualitatively consistent with linear the-
ory. Thisis seen as follows. From EG23)linear theory
predicts that the flux for which mode 4 is the fastest
growing mode is a decreasing functiomofif in Eq.
(13)we setfl = m = 4 and replace the left hand side by
C/R(r) and the right hand side by} /R(1 — v)/(6/R)
then we can solve for to obtainv = §/R(1 — C/C})
which indicates a linear dependencevobn the flux
constantC. The curve shown in the figure is the result
of using a characteristic valug R obtained from the
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nonlinear simulations and fitting; to the nonlinear
data (instead of takingC; =94 as predicted by
linear theory (e.g. see E43)). In the figure, we take
8/R = 0.32 andC; = 70.

According to linear theory, the range of flux con-
stantsC for which mode 4 is dominant is 94 C; <
C < C3* whereCy* is the flux constant such that mode
4 and mode 5 have the same growth rate. A calculation
shows that the relationshp = C3* from linear theory
can be solved for in terms ofC. It follows thatv is an
increasing function o€ consistent with the nonlinear

S. Li etal./ Physica D 208 (2005) 209-219

For a crystal with anisotropic surface tension, the shape
factord/R is a nonlinear function of both andC.

The shape factor is an increasing function of
and is non-monotone i€ owing to the change in
symmetry of the limiting shape as it passes from
region | (universal) to region Il. In all caseégR is
quite large indicating that nonlinearities are impor-
tant. Note that wherC is small, the shape factor
depends only weakly om. This is currently under
study.

To illustrate the range of behavior described above

results. In this sense, surface tension anisotropy has ain regions I, Il and lll, we consider a case in which

stabilizing effect on the evolution.

In regions Il and Il non-universal behavior is
observed. Region Il consists of two subregions. The
first subregion is on the low flux side of the phase
diagram, and its boundary with region | is at a flux
constant of approximately 70. The boundary with
region | is only weakly dependent an In this subre-
gion the limiting shapes have symmetries dominated
by modes 3 or 4, depending on the initial conditions.
The second subregion is on the high flux side of the

the flux constant is fixed' = 148 and the anisotropy

v is decreased from = 0.02 to Q005. These param-
eters are chosen so that the shapes transit from re-
gion | to region Il to region lll (e.g. see the plus,
cross and diamond symbols iRig. 2(a)). In Fig.
3(a), we takev =0.02 and plot the evolution of
the shape factoB/R as a function ofR for three
different initial conditions. This corresponds to re-
gion |. This Figure shows that although there is sig-
nificant growth of the perturbations at early times,

phase diagram, and its boundary with region | depends linear theory overpredicts the growth. The simula-

strongly onv. As expected in this region the limiting

tions show that there is strong nonlinear stabiliza-

shapes have symmetries dominated by modes 5 andtion and the shape factors converge to a single value

higher.

Interestingly, we also find a small region Il in
which the evolution exhibits oscillatory behavior at
long times and the growth shapes do not tend to a

that characterizes the universal shape. The associ-
ated crystal morphologies are shown as insets. Note
that the evolution from the initial data that does
not contain mode 4 takes a relatively longer time

limiting shape although the growth is bounded. The (larger R) to converge to the universal shape since
oscillatory behavior is inherited from the isotropic mode 4 must be generated by the anisotropy and
case. In the isotropic case, oscillatory behavior is nonlinear interactions among modes. By perform-

observed when the flux constant is near the transition
regions separating modedominated growth from
modek + 1-dominated growth (see al§B]). The os-
cillatory behavior observed in region Il here is due to
the transition that occurs in the isotropic case between
five-fold and six-fold symmetric universal shapes
(C =~ 148). For flux constants away from the transition
region, oscillatory behavior is not observed. Moreover,
asv increases, region Ill narrows. This also suggests
a stabilizing effect of surface tension anisotropy
in the sense that the anisotropy limits the growth
directions.

In Fig. 2[b], we present the shape factdysR asso-
ciated with the universal limiting shapes for different
anisotropy strengthsand flux constant€. Recall that
the shape factor measures the deviation from a circle.

ing an analysis similar to that presented[§j, we

can demonstrate that indeed the universal shape is a
nonlinear self-similar solution of the crystal growth
equationg4].

We next decrease the anisotropy strength te
0.01 keeping the flux constan® = 148. This cor-
responds to region Il. The resulting plot &f R
versusR is shown inFig. 3(b) for initial shapes
r(0) = 1.0+ 0.01(cos 4 + cos ) andr(0) = 1.0 +
0.01(cos 2 + cos 3 + cos @ + cos @). The asso-
ciated crystal morphologies are shown as insets. The
perturbations grow significantly at early times and the
evolution of the initial shapg0) = 1 + 0.01(cos 4 +
cos ) yields a mode 5 dominant shape at its early
times (smallR). As R increases, oscillations appear
in the shape factor due to a complex process of tip-
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splitting. Eventually, mode 6 emerges and the evolu- ways 5 mode dominant and converges to a limiting

tion tends toward a six-fold limiting shape. However,

for the case with initial data(0) = 1 + 0.01(cos 2 +
COSs 3 + cos w + cos @), the evolving shape is al-

—— Mixture: 4,5
-~ Mixture: 2,3,4,5,6,7.8,
— Mixture: 2,3,5,6

-
Linear solution
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shape at very largR. By performing an analysis sim-
ilar to that presented ifb], we can demonstrate that
both limiting shapes obtained here are nonlinear self-
similar solutions. This implies that there is no universal
shape whem = 0.01 andC = 148.

We next decrease the anisotropy strength to
v = 0.005. This corresponds to region lll. The results
are shown irFig. 3(c) for two different initial data. The
evolution of the initial data(0) = 1+ 0.01(cos & +
COS 3 + cOos 4 + coS T + Ccos @ + cos & +
cos &) is oscillatory and the growth of the shape
factor is bounded. The associated morphologies are
shown as insets. The last two shapes from a valley
and peak, corresponding t8 = 108, 7 x 102, re-
spectively, of the oscillatory cur& R are compared.
The figure indicated by the two arrows shows the
morphologies of the last two shapes plotted on top of
one another. The difference between the two shapes
is clearly seen. Note that the differences in these two
shapes are primarily confined to a small region near
the rightmost finger. It appears that this finger fails
to tip-split to form a 6-mode dominated shape and
instead oscillates. In contrast, the evolution of the
initial data r(0) = 1+ 0.01(cos 4 + cos @) tends
toward a six-fold symmetric limiting shape at very
largeR.

Fig. 3. (&) Shape factor evolution is shown for three arbitrary
initial shapes,r(0) = 1.0 + 0.01(cos 4 + cos %), r(0)=1.0+
0.01(cos Z + cos 3 + cos 4x + cos S + cos @ + cos & +

cos &), and r(0)=10+0.01(cos & + cos 3+ cos aw +

cos ). The anisotropy strength is set to bhe=0.02. The
associated morphologies are shown. The far-field flux is taken
to be J = 148/R(¢t). The evolution tends to a universal lim-
iting shape with a 4-fold symmetry. The dashed-dot line is
the linear theory prediction for the mode mixture of 4 and
5. (b) Non-universal shape evolution when the far-field flux
J = 148/ R(r) and anisotropy strength= 0.01. The shape starting
from a mixture r(0) = 1.0+ 0.01(cos 4 + cos &) tends to

a 6-mode dominant limiting shape. The shape starting from a
mixture r(0) = 1.0 4+ 0.01(cos Z + cos 3 + €OS T + cos &)
evolves to a 5-mode dominant limiting shape. (c) Non-universal
shape evolution when the far-field fluy = 148/R(r) and
anisotropy strengthy = 0.005. The shape starting from a mix-
ture r(0) = 1.0+ 0.01(cos & + cos 3 + cos 4 + cos w +

Cos G + cos & + cos &) shows an oscillatory behavior
and is 5-mode dominant. The shape starting from a mixture
r(0) = 1.0+ 0.01(cos 4 + cos %) tends to a 6-mode dominant
limiting shape.
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6. Conclusion and discussion of 3D growth. In future work, we will demonstrate that
universal attractive 3D limiting shapes exist.

In this paper, we characterized the nonlinear mor-  Our results show that in some cases the evolution
phological stability of 2D anisotropic crystals using a towards universal limiting shapes may be somewhat
spectrally accurate 2D boundary integral method with slow with the universal shape being achieved only
a novel time and space rescaling scheme developed inwhen the crystal grows very large compared with its
[5]. We simulated the long-time, nonlinear dynamics initial size. The rate of convergence to the universal
of evolving crystals. Our analysis and simulations limiting shapes is initial data-dependent even though
revealed that as in the isotropic case nonlinearity the universal shape itself is independent of the initial
stabilized the evolution of a growing crystal even data. For instance, the evolution towards the univer-
though unstable growth was significant at early sal shape is faster starting from initial shapes con-
times. The crystal morphologies were determined by taining many modes. As mentioned above, a careful
a complex competition between the heat transport selection ofC can also accelerate the growth pro-
(far-field flux) and surface tension anisotropy. Asinthe cess.
isotropic case, we observed three types of behavior:  Depending on the initial size of the crystal, grav-
universal, limiting and oscillatory. The results of a itational effects may become important during the
parameter study were mapped onto a phase-diagramevolution. This can generate effective fluid motion
that separates the parameter space into three regionsind convection. This potentially important physical
that are characterized by these three types of evolu-effect is neglected here. We have also neglected
tion. other important physical effects such as interface

The phase-diagram presented here can be used tkinetics. These effects can play a significant role in
design a nonlinear protocol that might be able to be the development of the complex patterns seen during
carried out in a physical experiment to control the non- crystal growth. We are currently investigating these
linear morphological evolution of a crystal as follows. physical effects. For example, our results indicate that
For a given value of surface tension anisotropy, the nonlinear, stable, self-similar shapes exist for finite
phase-diagram yields the range of fluxes such that aninterface kinetics as we|B7].
arbitrarily shaped crystal will evolve to a universal lim- Finally, the analysis developed here may provide
iting shape. The symmetry of the universal shape is insights on the control of pattern formation in other
consistent with the symmetry of the surface tension physical and biological systems.
anisotropy. The shape factor of the universal shape is
a nonlinear function of the heat flux and anisotropy
and is also determined from our simulations. For ex- Acknowledgements
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