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Abstract

In this paper, we study the nonlinear stability of growing crystals and the development of protocols for controlling their
shapes. We focus on the effects of surface tension anisotropy on the morphology of a 2D, non-circular crystal growing in a
supercooled melt. We use a spectrally accurate boundary integral method to simulate the long-time, nonlinear dynamics of
evolving crystals and to characterize the nonlinear morphological stability during growth. Our analysis and simulations reveal
that under critical conditions of an applied far-field heat flux, there is nonlinear stabilization leading to the growth of compact
crystals even though unstable growth may be significant at early times. The crystal morphologies are determined by a complex
competition between the heat transport (far-field flux) and the strength of surface tension anisotropy. In particular, we observe
three types of behavior: universal, limiting and oscillatory. Universal behavior occurs when the shape of the evolving crystal
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the surface tension anisotropy selects the symmetry of the universal shape. The results are presented as a phase dia
characterizes the long time evolution behavior in a plane parameterized by the far-field flux and the strength of surface
anisotropy. The phase diagram delineates the parameter ranges for the observed behaviors and can be used to design

protocol to control the shapes of growing crystals that might be able to be carried out in an experiment. Finally, the analysis
developed here may provide insights on the control of pattern formation in other physical and biological systems.
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1. Introduction

Pattern formation is typically characterized by a
competition among stabilizing and destabilizing ef-
fects (e.g.[1]). This is particularly evident for crys-
tal growth problems where it has been recognized
that growth morphologies are determined by the in-
teraction between macroscopic driving forces (applied
supercooling or far-field flux) and microscopic in-
terfacial forces (surface tension, kinetics of atomic
attachment, anisotropies, etc.) and their associated
time scales. The interaction among these forces pro-
duces complex morphologies including dendrites and
side-branches, which have been extensively studied
theoretically (e.g.[2–18]) and experimentally (e.g.
[26–31]). The complex morphologies are a result of
the Mullins-Sekerka instability. In many applications
(e.g. castings) it is desirable to suppress the insta-
bility and prevent the formation of complex shapes.
Mullins and Sekerka[15] identified the possibility of
growing crystals with compact shapes when the su-
percooling is kept sub-critical but this was not quan-
tified. Much less work has been performed on this
topic. Our work here helps to fill this gap. More
generally, our work also may provide insights on
the control of pattern formation in other physical
and biological systems such as epitaxial growth of
thin films (e.g. [19]), viscous fingering (e.g.[20]),
bacteria colonies (e.g.[21]) and tumor growth (e.g.
[22–24]).
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that compact nonlinear crystal shapes can be achieved.
Their results also suggested that nonlinear self-similar
evolution and the control of crystal morphologies are
possible.

In 2D, in order to balance the growth time and
surface tension time scales and to suppress the Mullins-
Sekerka instability, the far-field heat flux needs to be
scaled asR−1 because of the spatial differences be-
tween the 2D and 3D growth[4,5,12]. Li et al. [4]
identified precise heat flux conditions such that these
two time scales balance. They developed a nonlin-
ear theory of self-similar crystal growth and demon-
strated the existence of 2D non-circular self-similar
solutions[4]. Recently, Li et al.[5] performed a sta-
bility analysis of these self-similar solutions under
isotropic surface tension. Very interestingly, at long
times nonlinear stabilization was found even though
unstable growth may be significant at early times.
This stabilization was found to lead to the existence
of universal limiting shapes. In particular, the mor-
phologies of the nonlinearly evolving crystals tend to
limiting shapes that evolve self-similarly and depend
only on the flux [5]. A number of limiting shapes
exist for each flux (the number of possible shapes ac-
tually depends on the flux), but only one is univer-
sal in the sense that a crystal with an arbitrary initial
shape will evolve to this universal shape. Linear the-
ory was found to provide a good prediction for the
flux to achieve ak-fold symmetric universal shape.
Oscillatory behavior may occur for a narrow range of
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The Mullins-Sekerka instability arises because
he imbalance of time scales governing the ma
copic and microscopic forces. For example, the
io of the time scale for growtht∞ (due to a constan
upercooling) and the time scale over which sur
ension actstτ scales ast∞/tτ ∝ R−1 whereR is the
ffective radius of the crystal, i.e. radius of a sph
ith the same volume (see[2,12]). Thus, the surfac

ension has less and less time to stabilize the s
uring growth. In 3D, Cristini and Lowengrub[2,3]
howed that the time scalest∞ andtτ can be balance
i.e. τ∞/tτ ∝ 1) and the Mullins-Sekerka instabili
an be suppressed if instead the far-field heat flu
onstant (the supercooling is time dependent). N
hat what we mean by flux here is the integral fl
pplied at the far-field boundary, see Eq.(4). In par-

icular, Cristini and Lowengrub[3] showed numer
ally via 3D adaptive boundary integral simulatio
uxes near the transition region fromk-fold to (k + 1)-
old symmetric universal shapes. A phase diagram
onstructed to characterize the achievable symme
f the limiting shapes as a function of the far-fi
ux.

In this paper, we extend our recent study[5] and
xamine the effects of surface tension anisotrop
he morphology of a 2D, non-circular crystal grow
n a supercooled melt. We use a spectrally accu
oundary integral method to simulate the long-ti
onlinear dynamics of evolving crystals and to ch
cterize the nonlinear morphological stability dur
rowth. Our analysis and simulations reveal that
er critical conditions of an applied far-field heat fl

here is nonlinear stabilization leading to the gro
f compact crystals even though unstable growth
e significant at early times. The crystal morpho
ies are determined by a complex competition betw
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the heat transport (far-field flux) and the strength of
surface tension anisotropy. In particular, we observe
three types of behavior: universal, limiting and oscil-
latory. Universal behavior occurs when the shape of
the evolving crystal tends to a shape that is indepen-
dent of both time and the initial condition. Limiting
behavior occurs when the shape of the crystal tends
to a shape that is independent of time, but depends
on the initial condition. Oscillatory behavior occurs
when the shape depends on both time and the initial
condition, though its growth is bounded. Unlike the
isotropic case where universal shapes have an arbitrary
symmetry that depends only on the far-field flux[5],
here the surface tension anisotropy selects the symme-
try of the universal shape. The results are presented as
a phase diagram that characterizes the long time evolu-
tion behavior in a plane parameterized by the far-field
flux and the strength of surface tension anisotropy. The
phase diagram delineates the parameter ranges for the
observed behaviors and can be used to design a non-
linear protocol to control the shapes of growing crys-
tals that might be able to be carried out in an experi-
ment.

Although this paper focuses on crystal growth in 2D,
our analysis applies qualitatively to 3D. This is because
once the difference between 2D and 3D heat fluxes (i.e.
area versus volume growth) is scaled out the governing
equations are very similar[4]. In addition, the linear
analysis in[5] shows that interactions among the pertur-
bation modes are similar in both 2D and 3D. However,
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2. Theory

2.1. Governing equations

We consider a two-dimensional solid crystal
growing quasi-statically in a supercooled liquid phase.
The interfaceΣ separates the solid phaseΩ1 from the
liquid phaseΩ2. We assume for simplicity that local
equilibrium holds at the interface, and the thermal
diffusivities of the two phases are identical. However,
the results presented herein apply more generally
[37]. Using the nondimensionalization given in[2,3]
in which the length scale is the equivalent radius of
the crystal at timet = 0 and the time scale is the
characteristic surface tension relaxation time scale, the
following equations govern the growth of the crystal:

∇2Ti = 0 inΩi i = 1,2, (1)

V = (∇T1 − ∇T2) · n onΣ, (2)

T1 = T2 = −τ(n)κ onΣ, (3)

J = − 1

2π
lim

R∞→∞

∫
Σ∞

∇T2 · n dΣ∞ = 1

2π

∫
Σ

V ds,

(4)

whereΣ∞ is a circle with radiusR∞. The interfaceΣ
evolves via

n · dx = V onΣ, (5)
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Ω n-
s
u
t 2D,
t d
i
t
T ,
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he surface tension anisotropy is more complic
n 3D, since there are two principal directions
urvature.

We note that in the special case in which
elocity of the crystal is determined locally
he surface energy, and not by diffusion as c
idered here, it has been shown that the evolu
ends to the Wulff shape[35,36]. The relevanc
f this example to our work is currently und
tudy.

This paper is organized as follows: in Sect
, we review the governing equations, and lin
tability analysis; in Section3, we describe th
umerical scheme; in Section4, we briefly review

he results of a crystal with isotropic surface tens
n Section 5, we discuss numerical results; and
ection6, we give conclusions and describe work
rogress.
dt

hereTi is the temperature field,i = 1 for solid phas
nd i = 2 for liquid phase,V is the normal velocit
f the interface,n is the unit normal directed towar
2, κ is the curvature,τ is the anisotropic surface te

ion, andJ is the far-field heat flux. In Eq.(4) we have
sed the fact that theTi are harmonic so thatJspecifies

he time derivative of the area of the solid phase. In
he normal vectorn = (n1, n2) can be characterize
n terms of the tangent angleθ = tan−1(−n1/n2), i.e.
he angle that a tangent vector makes with thex1-axis.
hus, the anisotropic surface tensionτ = τ(θ). Further
(θ) = γ(θ) + γ ′′(θ) where γ(θ) is the anisotropi
urface energy. For a generalm-fold symmetric
nisotropy,

γ(θ) = 1 + νm cosmθ,

τ(θ) = 1 − (m2 − 1)νm cosmθ
(6)
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whereνm is the strength of the anisotropy (e.g. see
[14]). In this paper, we restrict our study to the case
νm < 1/(m2 − 1). Thus, there are no missing orienta-
tions, as would be the case with larger anisotropies.

2.2. Linear analysis

In this section, we analyze the linear stability of a
growing crystal following[15,16,2,4,25]. We take the
perturbed crystal-melt interface to be given by a linear
combination of Fourier modes,

r(α, t) = R(t) +
∞∑
k=2

δk(t) coskα, (7)

whereR(t) is the radius of a underlying growing circle
(R(0) = 1), theδ’s are amplitudes of perturbations, and
α is the polar angle. We assume that the anisotropyνm
is on the same order as the amplitudes of perturbations
so that products ofνm andδ’s are neglected. Note that
in Eq.(7), k = 1 means a translation of a circle (i.e. no
shape perturbation occurs). The rate of area growth for
the unperturbed circle is

R(t)
dR

dt
= J(t), (8)

whereJ(t) is the specified flux. The far-field tempera-
tureT∞ is related to the heat flux via

T

(
R∞

)
1

w the
g
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J

If the applied fluxJ < Jk(t), then thek-th mode pertur-
bation decays. IfJ > Jk(t), thek-th mode perturbation
grows. If J = Jk(t) thek-th mode perturbation is un-
changed (i.e. self-similar[4]). As discussed in Section
1, the critical fluxJk(t) scales as 1/R(t) in order to
balance the time scales for growth and surface tension.
Also, because of anisotropyJk(t) depends on the cur-
rent shape throughδk(t)/R(t) whenk = m. Note that
that anisotropy reduces the critical flux compared to
the isotropic case whereνm = 0, see Eq.(11).

It can be shown[37] that by taking an alternative flux

J̃k(t) = Ck

R(t)
,

C̃k = 2k(k2 − 1)

k − 2
·



1 − νm

(δm/R)∞
k = m,

1 k �= m,

(12)

where (δm/R)∞ ≥ νm is a time independent param-
eter then the evolution ofδm/R tends to (δm/R)∞
as R → ∞ if J = J̃m for any initial perturbation
δm(0)/R(0). Note that if (δm/R)∞ < νm, then the
crystal shrinks andδm/R tends to (δm/R)∞ as
R → 0. In contrast, in the isotropic caseνm = 0
the initial perturbation is unchanged in time, i.e.
δm(t)/R(t) = δm(0)/R(0) if J = J̃m. Thus, the pres-
ence of anisotropy provides a mechanism to control
the growth of modem. At the level of linear theory,
modesk �= m evolve as in the isotropic case.

If the initial shape of an interface is a mixture of
F e
l

J

G x
t

w

q

∞(t) = −J(t) log
R(t)

−
R(t)

, (9)

hereR∞ is the radius of a large circle containing
rowing crystal[4]. The growth rate of thek-th mode
erturbation,

δk

R

)−1 d

dt

(
δk

R

)
= (k − 2)(J − Jk)

R2 , (10)

here the critical fluxJk and the associated linear fl
onstantCk are

k(t) = Ck

R(t)
,

Ck = 2k(k2 − 1)

k − 2
·



1 − νm

(δm(t)/R(t))
k = m,

1 k �= m.

(11)
ourier modes, the flux that makesl-th mode have th
argest growth rate can be derived as

∗
l (t) = 6l2 − 2

R(t)
·



1 − νm

(δm(t)/R(t))
l = m,

1 l �= m.

(13)

iven a wavenumberl �= m and taking the applied flu
o beJ = J∗

l , then Eq.(10)can be solved to yield:

δk

R
(t) =




2m(m2 − 1)νm
−q(m, l)(6l2 − 2)

+ βmR(t)q(m,l) k = m,

βkR(t)q(k,l) k �= m,

(14)

herek is an arbitrary mode andq(k, l) is given by

(k, l) = −2k(k2 − 1) + (k − 2)(6l2 − 2)

(6l2 − 2)
,
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and

βm = δm

R
(0) + 2m(m2 − 1)νm

q(m, l)(6l2 − 2)
and βk = δk

R
(0).

Eq. (14) shows that the anisotropy symmetry modem
associated with the surface tension can compete with
model, the mode with the fastest growth rate. For in-
stance, there exists a critical radiusR∗

lin such that the
growth rates of modemandl are equal atR∗

lin,

R∗
lin =

(
q(m, l)βm
q(l, l)βl

) 1
p

, (15)

wherep = q(l, l) − q(m, l). For R < R∗
lin, the mode

m grows faster than model even thoughJ = J∗
l . For

R ≥ R∗
lin model dominates.

In addition, Eq.(14)shows that ifl < m andq < 0
thenδm/R tends to a finite value that depends only on
νm,m, l and is independent of the initial data. If in addi-
tion l < k andq < 0, for anyk, or if only modesk > m

are present initially the linear evolution converges to
the same limiting shape. This hints at the possibility of
universality that does not exist in the case of isotropic
surface tension (i.e.νm = 0).

3. Boundary integral method with time and
space rescaling
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R̄ can be found by integrating the normal velocity over
the interface and dividing by 2π to get

J = Ā

π

1

R̄2(t̄)

dR̄(t̄)

dt̄
. (18)

The normal velocity in the new frame is̄V (t̄, α) =
dx̄(t̄,α)

dt̄ · n and satisfies

−τ(n)κ̄ − J̄G[x̄] =
∫
Σ̄

G(|x̄ − x̄′|)V̄ds′ + T̄∞(t̄),

(19)

and

0 =
∫
Σ̄

V̄ ds, (20)

whereJ̄ = πR̄J

Ā
= d

dt̄
log(R̄(t̄)) andκ̄ = R̄κ. Thus, the

scaling factor is

R̄(t̄) = exp

(∫ t̄

0
J̄dt̄′

)
. (21)

Further, in Eq. (19) we have taken T̄∞(t̄) =
Ā log(R̄)

π
J̄ + T∞(t(t̄))R̄(t̄), and G(x̄) = ∫

Σ̄
x̄′ · n(x̄′)

G(x̄ − x̄′) ds′.
To evolve the interface numerically, Eqs.(19) and

(20) are discretized in space using spectrally accu-
rate discretizations and a scaled (equal arclength)
parametrization[32]. The resulting discrete system is
s ag-
o
i sec-
o time
[

4

f a
c
a ,
w q.
( in-
e f the
c up-
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here
i of
In order to fully characterize the nonlinear morp
ogical stability of a growing crystal, we use a spectr
ccurate 2D boundary integral method in which a n

ime and space rescaling is implemented[5]. This en-
bles us to accurately simulate the long-time, nonli
ynamics of evolving crystals. For completeness
ethod is briefly described below.
Following [2,5], we introduce the spatial and te

oral scaling of the dynamical equations

= R̄(t̄)x̄(t̄, α), (16)

=
∫ t

0

1

R(t′)3
dt′, (17)

hereR̄(t̄) = R(t(t̄)) andx̄(t̄, α) is the position vecto
f the scaled interface, and̄t is the new time variable
he scalingR̄ is chosen such that the areāA enclosed
y the scaled interface is constant in time. The sca
olved efficiently using GMRES together with a di
nal preconditioner in Fourier space[32,34]. OnceV̄

s obtained, the interface is evolved by using a
nd order accurate non-stiff updating scheme in

32,33].

. Isotropic results

In this section, we briefly review our studies o
rystal with isotropic surface tension[5]. In [5], we
pplied fluxes of the formJ = C/R(t) in the far-field
here the flux constantC is varied. As seen from E

10) this choice of flux implies that the number of l
arly unstable modes is bounded independent o
rystal size and the Mullins-Serkeka instability is s
ressed.

Our analysis and simulations revealed that t
s nonlinear stabilization leading to the growth
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compact crystals even though unstable growth may
be significant at early times. We observed three types
of behavior: universal, limiting and oscillatory as
discussed in Section1. Universal behavior occurs
when the long time shape of the evolving crystal
is independent of both time and the initial shape.
Limiting behavior occurs when the long time shape
of the crystal is independent of time, but depends
on the initial shape. Finally, oscillatory behavior
occurs when the long time shape depends on both
time and the initial shape, though its growth is
bounded.

By performing a series of simulations, we con-
structed a limiting shape phase diagram that maps the
limiting morphologies onto a graph shown inFig. 1(a)
in terms of their symmetries and associated flux con-
stantsC. Note thatFig. 1(a) is a simplified phase dia-
gram, and the full version was shown in[5]. The set of
dynamically achievable shapes is found to be in region
II. The curve marking lower bound of region II de-
scribes the parameters appropriate to obtain universal
shapes. Note that the universal shapes are determined
solely by the heat flux. This curve takes a stair-case
pattern because there are morphology transitions from
k-fold to (k + 1)-fold symmetries. The circles mark the
transitions. Near these transitions, oscillatory behavior
is observed. On the universal curve, the length of each
step increases as the flux constant increases indicat-
ing that larger and larger fluxes are needed to produce
higher and higher symmetries of the universal shapes.
N , the
g e is
a ed to
a ape
o
t ctor
δ ned
a

δ

w he
s f
t

the
s nd
t cate
t e

Fig. 1. (a) Limiting shape phase diagram. The set of dynamically
achievable shapes is found to be region II. Region II is bounded
by an upper dashed curve (linear theory) and a piecewise constant
curve (nonlinear results) that describe the relation between the ob-
served symmetries of the limiting shape and the flux constant. The
stars denote actual simulation data. The universal limiting shapes
lie on the lower piecewise constant curve. In between these curves,
non-universal shapes may occur with finite multiplicity. The upper
dashed curve shows the relation between the flux constant and the
mode with zero growth rate (i.e. self-similar). The lower dashed curve
shows the relation between the flux constant and the fastest grow-
ing mode. (b) The associated shape factors of the universal limiting
shapes. The solid-dotted curve suggests that the asymptotic behavior
may beδ/R ∼ √

C at large flux constantsC. The vertical dashed
lines indicate transitions from symmetryk to k + 1. Representative
universal morphologies are shown for each symmetry.
ote that because the surface energy is isotropic
rowing crystal may achieve any symmetry. Ther
continuous set of flux constants that can be us

chieve a limiting (but not necessarily universal) sh
f a particular symmetry. The shape factorsδ/R of

hese limiting shapes are different. The shape fa
/Rmeasures the deviation from a circle and is defi
s

/R = maxx̃∈Σ(|x̃|/|R̃eff − 1|), (22)

herex̃ is the position vector from the centroid of t
hape to the interface andR̃eff is the effective radius o
he shape.

In Fig. 1[b] we examined the relation between
hape factorsδ/R of the universal limiting shapes a
he flux constant. The vertical dashed lines indi
ransitions from symmetryk to k + 1. Representativ
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universal morphologies are shown for each symmetry.
The solid-dotted curve suggests that the asymptotic
behavior may beδ/R ∼ √

C at large flux constants
C. This suggests the intriguing possibility there may
be a critical value ofC at which the topology of the
universal shape changes from a simply connected
to a multiply connected region characterized by a
shape with identical, equally spaced fingers that are all
connected at the origin (i.e. there is an inner tangent
circle with vanishing radius). This is currently under
study.

5. Anisotropic results

In this section, we present the results of a param-
eter study in which the surface tension anisotropy is
four-fold symmetric, i.e.m = 4 in Eq. (6), and the
anisotropy strengthν = ν4 is varied. Because we want
the growth and surface tension time scales to balance,
we use fluxes of the formJ = C/R(t), where the flux
constantC is also varied.

Our analysis and simulations reveal that, as in the
isotropic case, nonlinearity stabilizes the evolution of
a growing crystal even though unstable growth may
be significant at early times. In particular, we observe
three types of behavior: universal, limiting and oscilla-
tory. By performing simulations with a variety of initial
shapes, anisotropy and specified flux constants, we
map the resulting morphologies onto a phase-diagram
t er
s ord-
i tars
a ries
o tely
5 he
r sed
l

rsal
l the
r
r m-
m due
t pe is
i the
i rsal
s
d ten-

Fig. 2. (a) Limiting shape phase diagram. Region I: The set of dy-
namically achievable universal shapes. Region II: the set of dynam-
ically initial-data dependent limiting shapes. Region III: the set of
limiting and oscillatory shapes. (b) The associated shape factors of
the universal limiting shapes for different anisotropy strengthsν.

sion anisotropy selects the symmetry of the universal
shape.

Region I is bounded on the left by a nearly linear
curve which is qualitatively consistent with linear the-
ory. This is seen as follows. From Eq.(13)linear theory
predicts that the flux for which mode 4 is the fastest
growing mode is a decreasing function ofν. If in Eq.
(13)we setl = m = 4 and replace the left hand side by
C/R(t) and the right hand side byC∗

4/R(1 − ν)/(δ/R)
then we can solve forν to obtainν = δ/R(1 − C/C∗

4)
which indicates a linear dependence ofν on the flux
constantC. The curve shown in the figure is the result
of using a characteristic valueδ/R obtained from the
hat is shown inFig. 2(a). In this figure, the paramet
pace is accordingly divided into three regions acc
ng to the results of long-time simulations. The s
re a result of simulations that define the bounda
f the regions up to an accuracy of approxima
% in the flux constantC. The other symbols are t
esults of specific simulations that will be discus
ater.

The set of the dynamically achievable unive
imiting shapes found in this paper is contained in
egion marked I. That is, for each value ofν andC in
egion I, the evolution tends to a unique four-fold sy
etric universal shape. The four-fold symmetry is

o the anisotropy and the fact that the universal sha
ndependent of the initial data. This is in contrast to
sotropic case we studied previously where unive
hapes are achievable with any symmetry[5] and
epend only on the flux constant. Here, the surface
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nonlinear simulations and fittingC∗
4 to the nonlinear

data (instead of takingC∗
4 = 94 as predicted by

linear theory (e.g. see Eq.13)). In the figure, we take
δ/R = 0.32 andC∗

4 = 70.
According to linear theory, the range of flux con-

stantsC for which mode 4 is dominant is 94= C∗
4 ≤

C < C∗∗
4 whereC∗∗

4 is the flux constant such that mode
4 and mode 5 have the same growth rate. A calculation
shows that the relationshipC = C∗∗

4 from linear theory
can be solved forν in terms ofC. It follows thatν is an
increasing function ofC consistent with the nonlinear
results. In this sense, surface tension anisotropy has a
stabilizing effect on the evolution.

In regions II and III non-universal behavior is
observed. Region II consists of two subregions. The
first subregion is on the low flux side of the phase
diagram, and its boundary with region I is at a flux
constant of approximately 70. The boundary with
region I is only weakly dependent onν. In this subre-
gion the limiting shapes have symmetries dominated
by modes 3 or 4, depending on the initial conditions.
The second subregion is on the high flux side of the
phase diagram, and its boundary with region I depends
strongly onν. As expected in this region the limiting
shapes have symmetries dominated by modes 5 and
higher.

Interestingly, we also find a small region III in
which the evolution exhibits oscillatory behavior at
long times and the growth shapes do not tend to a
limiting shape although the growth is bounded. The
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For a crystal with anisotropic surface tension, the shape
factorδ/R is a nonlinear function of bothν andC.

The shape factor is an increasing function ofν

and is non-monotone inC owing to the change in
symmetry of the limiting shape as it passes from
region I (universal) to region II. In all casesδ/R is
quite large indicating that nonlinearities are impor-
tant. Note that whenC is small, the shape factor
depends only weakly onν. This is currently under
study.

To illustrate the range of behavior described above
in regions I, II and III, we consider a case in which
the flux constant is fixedC = 148 and the anisotropy
ν is decreased fromν = 0.02 to 0.005. These param-
eters are chosen so that the shapes transit from re-
gion I to region II to region III (e.g. see the plus,
cross and diamond symbols inFig. 2(a)). In Fig.
3(a), we takeν = 0.02 and plot the evolution of
the shape factorδ/R as a function ofR for three
different initial conditions. This corresponds to re-
gion I. This Figure shows that although there is sig-
nificant growth of the perturbations at early times,
linear theory overpredicts the growth. The simula-
tions show that there is strong nonlinear stabiliza-
tion and the shape factors converge to a single value
that characterizes the universal shape. The associ-
ated crystal morphologies are shown as insets. Note
that the evolution from the initial data that does
not contain mode 4 takes a relatively longer time
(larger R) to converge to the universal shape since
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scillatory behavior is inherited from the isotro
ase. In the isotropic case, oscillatory behavio
bserved when the flux constant is near the trans
egions separating modek-dominated growth from
odek + 1-dominated growth (see also[5]). The os

illatory behavior observed in region III here is due
he transition that occurs in the isotropic case betw
ve-fold and six-fold symmetric universal shap
C ≈ 148). For flux constants away from the transit
egion, oscillatory behavior is not observed. Moreo
sν increases, region III narrows. This also sugg

stabilizing effect of surface tension anisotro
n the sense that the anisotropy limits the gro
irections.

In Fig. 2[b], we present the shape factorsδ/R asso
iated with the universal limiting shapes for differ
nisotropy strengthsν and flux constantsC. Recall tha

he shape factor measures the deviation from a c
ode 4 must be generated by the anisotropy
onlinear interactions among modes. By perfo

ng an analysis similar to that presented in[5], we
an demonstrate that indeed the universal shape
onlinear self-similar solution of the crystal grow
quations[4].

We next decrease the anisotropy strength toν =
.01 keeping the flux constantC = 148. This cor
esponds to region II. The resulting plot ofδ/R
ersusR is shown in Fig. 3(b) for initial shape
(0) = 1.0 + 0.01(cos 4α+ cos 5α) andr(0) = 1.0 +
.01(cos 2α+ cos 3α+ cos 5α+ cos 6α). The asso
iated crystal morphologies are shown as insets.
erturbations grow significantly at early times and
volution of the initial shaper(0) = 1 + 0.01(cos 4α+
os 5α) yields a mode 5 dominant shape at its e
imes (smallR). As R increases, oscillations appe
n the shape factor due to a complex process of
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splitting. Eventually, mode 6 emerges and the evolu-
tion tends toward a six-fold limiting shape. However,
for the case with initial datar(0) = 1 + 0.01(cos 2α+
cos 3α+ cos 5α+ cos 6α), the evolving shape is al-

ways 5 mode dominant and converges to a limiting
shape at very largeR. By performing an analysis sim-
ilar to that presented in[5], we can demonstrate that
both limiting shapes obtained here are nonlinear self-
similar solutions. This implies that there is no universal
shape whenν = 0.01 andC = 148.

We next decrease the anisotropy strength to
ν = 0.005. This corresponds to region III. The results
are shown inFig. 3(c) for two different initial data. The
evolution of the initial datar(0) = 1 + 0.01(cos 2α+
cos 3α+ cos 4α+ cos 5α+ cos 6α+ cos 7α+
cos 8α) is oscillatory and the growth of the shape
factor is bounded. The associated morphologies are
shown as insets. The last two shapes from a valley
and peak, corresponding toR = 108, 7× 1012, re-
spectively, of the oscillatory curveδ/R are compared.
The figure indicated by the two arrows shows the
morphologies of the last two shapes plotted on top of
one another. The difference between the two shapes
is clearly seen. Note that the differences in these two
shapes are primarily confined to a small region near
the rightmost finger. It appears that this finger fails
to tip-split to form a 6-mode dominated shape and
instead oscillates. In contrast, the evolution of the
initial data r(0) = 1 + 0.01(cos 4α+ cos 5α) tends
toward a six-fold symmetric limiting shape at very
largeR.

Fig. 3. (a) Shape factor evolution is shown for three arbitrary
initial shapes,r(0) = 1.0 + 0.01(cos 4α+ cos 5α), r(0) = 1.0 +
0.01(cos 2α+ cos 3α+ cos 4α+ cos 5α+ cos 6α+ cos 7α+
cos 8α), and r(0) = 1.0 + 0.01(cos 2α+ cos 3α+ cos 5α+
cos 6α). The anisotropy strength is set to beν = 0.02. The
associated morphologies are shown. The far-field flux is taken
to be J = 148/R(t). The evolution tends to a universal lim-
iting shape with a 4-fold symmetry. The dashed-dot line is
the linear theory prediction for the mode mixture of 4 and
5. (b) Non-universal shape evolution when the far-field flux
J = 148/R(t) and anisotropy strengthν = 0.01. The shape starting
from a mixture r(0) = 1.0 + 0.01(cos 4α+ cos 5α) tends to
a 6-mode dominant limiting shape. The shape starting from a
mixture r(0) = 1.0 + 0.01(cos 2α+ cos 3α+ cos 5α+ cos 6α)
evolves to a 5-mode dominant limiting shape. (c) Non-universal
shape evolution when the far-field fluxJ = 148/R(t) and
anisotropy strengthν = 0.005. The shape starting from a mix-
ture r(0) = 1.0 + 0.01(cos 2α+ cos 3α+ cos 4α+ cos 5α+
cos 6α+ cos 7α+ cos 8α) shows an oscillatory behavior
and is 5-mode dominant. The shape starting from a mixture
r(0) = 1.0 + 0.01(cos 4α+ cos 5α) tends to a 6-mode dominant
limiting shape.
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6. Conclusion and discussion

In this paper, we characterized the nonlinear mor-
phological stability of 2D anisotropic crystals using a
spectrally accurate 2D boundary integral method with
a novel time and space rescaling scheme developed in
[5]. We simulated the long-time, nonlinear dynamics
of evolving crystals. Our analysis and simulations
revealed that as in the isotropic case nonlinearity
stabilized the evolution of a growing crystal even
though unstable growth was significant at early
times. The crystal morphologies were determined by
a complex competition between the heat transport
(far-field flux) and surface tension anisotropy. As in the
isotropic case, we observed three types of behavior:
universal, limiting and oscillatory. The results of a
parameter study were mapped onto a phase-diagram
that separates the parameter space into three regions
that are characterized by these three types of evolu-
tion.

The phase-diagram presented here can be used to
design a nonlinear protocol that might be able to be
carried out in a physical experiment to control the non-
linear morphological evolution of a crystal as follows.
For a given value of surface tension anisotropy, the
phase-diagram yields the range of fluxes such that an
arbitrarily shaped crystal will evolve to a universal lim-
iting shape. The symmetry of the universal shape is
consistent with the symmetry of the surface tension
anisotropy. The shape factor of the universal shape is
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of 3D growth. In future work, we will demonstrate that
universal attractive 3D limiting shapes exist.

Our results show that in some cases the evolution
towards universal limiting shapes may be somewhat
slow with the universal shape being achieved only
when the crystal grows very large compared with its
initial size. The rate of convergence to the universal
limiting shapes is initial data-dependent even though
the universal shape itself is independent of the initial
data. For instance, the evolution towards the univer-
sal shape is faster starting from initial shapes con-
taining many modes. As mentioned above, a careful
selection ofC can also accelerate the growth pro-
cess.

Depending on the initial size of the crystal, grav-
itational effects may become important during the
evolution. This can generate effective fluid motion
and convection. This potentially important physical
effect is neglected here. We have also neglected
other important physical effects such as interface
kinetics. These effects can play a significant role in
the development of the complex patterns seen during
crystal growth. We are currently investigating these
physical effects. For example, our results indicate that
nonlinear, stable, self-similar shapes exist for finite
interface kinetics as well[37].

Finally, the analysis developed here may provide
insights on the control of pattern formation in other
physical and biological systems.
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nonlinear function of the heat flux and anisotr
nd is also determined from our simulations. For
mple, the size of the perturbation can be contro
y a careful selection ofC. In addition, the evolu

ion towards the universal shape is faster for cho
f C away from the boundary of region I. In an e
eriment, the flux condition can be imposed by va

ng the far-field temperature in time following E
9).

Even though this paper focused on four-fold sy
etric surface energy anisotropies, we have perfor

tudies for other anisotropy symmetries and fo
imilar results. Thus our results apply more ge
lly.

While this paper focused on crystal growth in 2
ur analysis applies qualitatively to 3D[4,5]. We are
urrently performing 3D simulations to confirm th
ur 2D model indeed captures the significant feat
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