
EXISTENCE OF GLOBAL MINIMUM FOR CALCULUS OF VARIATION

LONG CHEN

ABSTRACT. The existence of a global minimum for problems in the calculus of variation
is briefly reviewed in this note. The main ingredients are: 1. use coercivity w.r.t. the deriv-
ative variable to get the boundedness of a minimizing sequence; 2. use weak compactness
to get a weak convergent sub-sequence; 3. use convexity w.r.t. the derivative variable to
prove the functional is lower weak semi-continuous.
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1. INTRODUCTION

We consider the calculus of variations problem defined by

(1) inf
u∈M

I(u) =

∫
Ω

L(x, u(x),∇u(x)) dx,

where
• Ω ⊂ Rd is an open and bounded Lipschitz domain;
• M = {u ∈ W 1,q(Ω) : tru = g on ∂Ω} is the set of admissible functions;
• L : Ω× R× Rd → R is the Lagrangian.
In the notation L(x, u, p), the variables (x, u, p) are treated as independent. In the

expression L(x, u(x),∇u(x)), we substitute p = ∇u(x), so the second and third variables
depend on x. After integration, I(u) maps each admissible function to a real number. The
goal is to find an admissible function that minimizes this functional.
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As an analogue of the calculus of variations problem, consider the optimization problem

(2) inf
x∈M

f(x),

where M ⊂ Rd. Two conditions guarantee the existence of a solution to (2):

1. The function f is continuous on M .
2. The set M is compact which is equivalent to closed and bounded.

Finding a minimizer for (1) is more subtle. The admissible set M lies in an infinite-
dimensional function space, while M in (2) is finite-dimensional. This change forces us to
reconsider key ideas such as compactness and continuity.

A main difference is the notion of compactness. In finite-dimensional spaces, every
closed and bounded set is compact. In infinite-dimensional spaces, this is no longer true.
For example, the sequence {en} ⊂ ℓ2, where en = (0, 0, . . . , 1, 0, . . .) with 1 in the n-th
position, satisfies ∥en − em∥ =

√
2 for n ̸= m. Hence it has no convergent subsequence.

To recover compactness, we introduce weaker topologies. A topology is a collection of
subsets, called open sets, such that the empty set and the whole space are open, arbitrary
unions of open sets are open, and finite intersections of open sets are open. A set is compact
if every open cover admits a finite subcover. A weaker topology has fewer open sets, so it
is easier for this condition to hold.

A related notion is sequential compactness: every bounded sequence has a convergent
subsequence whose limit lies in the set. Compactness implies sequential compactness.
In norm-induced topologies, the two are equivalent. Although sequential compactness is
often what we need, the language of open sets is often more useful.

Now consider a map T : X → Y between topological spaces. It is continuous if the
preimage of every open set in Y is open in X . When X carries fewer open sets, that is,
a weaker topology, continuity is harder to obtain. In particular, I(u) may fail to be con-
tinuous in the weak topology. We therefore relax continuity to lower weak semicontinuity
(l.w.s.c.), which can be characterized geometrically by the closedness of the epigraph.

There is a trade-off between compactness and continuity. From a topological point of
view, this can be summarized as follows:

Weak vs Strong Topology

Weak topology: fewer open sets, better compactness, weaker continuity.
Strong topology: more open sets, weaker compactness, better continuity.

To ensure the existence of a minimizer, we need conditions on L that guarantee:

• coercivity to ensure the boundedness of a minimizing sequence {uk};
• convexity to ensure the lower weak semi-continuity of I(·).

By the scaling argument, the dominant contribution to the functional comes from the gra-
dient ∇u. Therefore, we impose structural conditions: coercivity and convexity on the
Lagrangian L(x, u, p) only with respect to the variable p.

2. DIRICHLET’S PRINCIPLE

To begin with, we need to assume I(·) is bounded below. Otherwise, inf I(u) = −∞.
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2.1. Minimizing sequence. A minimizing sequence {uk} ⊂ M is defined by

lim
k→∞

I(uk) = inf
u∈M

I(u).

One standard way to construct such a sequence is to use a family of nested finite-
dimensional subspaces or subsets {Mk} that approximate the admissible set M. That
is, we assume

M1 ⊂ M2 ⊂ · · · , with
∞⋃
k=1

Mk dense in M.

We then restrict the minimization problem (1) to each Mk. Since each Mk lies in a finite-
dimensional space, finding

uk = arg inf
u∈Mk

I(u)

is usually easier.
Due to the nested structure, we typically have

I(u1) ≥ · · · ≥ I(uk) ≥ I(uk+1) ≥ · · · ≥ inf
u∈M

I(u) > −∞,

so {I(uk)} is monotone decreasing and bounded below. It follows that limk→∞ I(uk)
exists. Because

⋃
k Mk is dense in M, we obtain

lim
k→∞

I(uk) = inf
u∈M

I(u),

and thus {uk} is a minimizing sequence.
An important question remains: can we conclude that the sequence {uk}, or a subse-

quence, converges to some limit u ∈ M, and that this limit u is a global minimizer?
The sequence {I(uk)} is a sequence of real numbers in R, while {uk} lies in an infinite-

dimensional space, whose topology is much richer than that of R.

2.2. Dirichlet’s principle. Historically, the existence of minimizers was often justified by
Dirichlet’s principle, which asserts:

Dirichlet’s principle

If I(·) is bounded below, then there exists a minimizer u ∈ M such that

I(u) = inf
v∈M

I(v).

A classic ‘proof’ of Dirichlet’s principle, attributed to Riemann [3], proceeds as follows:
Choose a minimizing sequence {uk} ⊂ M such that I(uk) → infu∈M I(u).
Since {uk} is bounded, there exists a convergent subsequence ukj

→ u0.
Then u0 is the desired minimizer, that is,

I(u0) = inf
u∈M

I(u).

However, this argument is flawed for several reasons:
1. Boundedness of {I(uk)} does not imply boundedness of {∥uk∥H1(Ω)}.
2. Even if {∥uk∥H1(Ω)} is bounded, this does not guarantee the existence of a strongly

convergent subsequence in H1(Ω).
To address these issues, we introduce two crucial notions:
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• Coercivity: to ensure that boundedness of the functional implies boundedness in the
function space norm, thus addressing issue 1.

• Weak convergence uk ⇀ u0: to replace strong convergence in non-compact infinite-
dimensional settings, thus addressing issue 2.

However, passing to the weak limit introduces a new obstacle:
3. Weak convergence uk ⇀ u0 does not imply I(uk) → I(u0). That is, the functional

I(·) may fail to be weakly continuous.
Recall that there is a trade-off between compactness and continuity. Since the weak

topology has fewer open sets, a functional that is continuous in the strong topology may
fail to be continuous in the weak topology.

Thus, the existence of a minimizer cannot be deduced from a minimizing sequence
without additional assumptions. We first explore several examples that show how a mini-
mum may fail to exist. We begin with examples from finite-dimensional calculus and then
move to examples from the calculus of variations.

2.3. Examples. We first show that the functional can be bounded below while a minimiz-
ing sequence remains unbounded.

Example 2.1 (Minimizing sequence is unbounded). Consider f(x) = e−x on M = R+.
The function f is bounded below: f ≥ 0 and infx∈M f(x) = 0. We can take Mk = [0, k],
for which the minimizer is xk = k. However, there is no global minimizer on M . The
minimizing sequence {xk} is unbounded, even though f(xk) → 0. Here f is strictly
convex but not coercive.

Example 2.2 (Minimizing sequence is unbounded). Consider

I(u) =

∫ 1

−1

x2(u′)2 dx, M = {u ∈ H1(−1, 1) : u(−1) = −1, u(1) = 1}.

The Lagrangian L(x, u, p) is convex in p, but it is not coercive because of the degeneracy
at x = 0.

Construct a piecewise linear function uh that changes from −1 to 1 on the interval
(−h, h), so that its slope there is 1/h. See Fig. 1. Then I(uh) → 0 as h → 0.

If u0 were a minimizer of I on M, then we would have I(u0) = 0, which implies
u′
0 = 0 a.e. on (−1, 1). Hence u0 would be constant, which cannot satisfy the boundary

conditions. Therefore no minimizer exists. Note that the minimizing sequence {uh} is
bounded in L2(−1, 1) but not in H1(−1, 1).

x

u

1

-1

−h h

uh

−1 −0.5 0.5 1

−1

−0.5

0.5

1

x

uε(x)ε = 0.1
ε = 0.25
ε = 0.5

FIGURE 1. A minimizing sequence with unbounded H1-norm.
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In the original example constructed by Weierstrass, it is a smooth function

uϵ =
arctan(x/ϵ)

arctan(1/ϵ)
.

Example 2.3 (Loss of continuity under weak convergence). Consider the functional

I(u) =

∫ 1

0

u2 +
[
(u′)2 − 1

]2
dx

with boundary conditions u(0) = u(1) = 0. The func-
tion

(
x2 − 1

)2
is called a double-well potential. We can

construct a zig-zag piecewise linear function uh such that
|uh(x)| ≤ h and |u′

h(x)| = 1. See Fig. 2. x

f

1-1

w(x) = (x2 − 1)2

x

u

0 1h1

h1

h2

h2

h1 = 1/6
h2 = 1/12

FIGURE 2. A minimizing sequence {uh} with uh → 0 in L2, while I(·)
is not continuous in the L2 topology.

Then {uh} is a minimizing sequence with I(uh) → 0 as h → 0. What is the limit of
uh? The sequence {uh} converges to zero in L2, since

∥uh∥L2(0,1) ≤ ∥uh∥L∞(0,1) ≤ h,

but it does not converge in H1, because ∥u′
h∥L2(0,1) = 1 does not tend to zero. Thus, the

minimizing sequence does not converge strongly in H1, but it does converge in the weaker
L2 topology.

However, the functional I is not continuous in the L2 topology. Although uh → 0 in
L2, we have

I(0) =

∫ 1

0

0 + (0− 1)2 dx = 1 ̸= 0 = lim
h→0

I(uh).

This shows that a minimum may fail to be attained even when a minimizing sequence con-
verges. The convergence may occur only in a weaker topology, and the lack of continuity
in that topology is the main obstruction in this example.

3. COERCIVITY AND CONVEXITY

In this section, we give an existence proof that corrects the flawed argument based on
Dirichlet’s principle. The presentation follows [1, Chapter 9] and [4, Chapter 8].

3.1. Coercivity. By scaling, we see that boundedness often comes from control of ∇u.
This is why most structural conditions are imposed on the p variable in L(x, u, p).

The Lagrangian L(x, u, p) is called coercive with respect to p if there exist constants
α > 0, β ≥ 0, and 1 < q < ∞ such that

(3) L(x, u, p) ≥ α|p|q − β, ∀ p ∈ Rn, u ∈ R, x ∈ Ω.



6 LONG CHEN

As a result, for any w ∈ W 1,q(Ω), the functional

I(w) :=

∫
Ω

L(x,w(x),∇w(x)) dx

satisfies the lower bound

I(w) ≥ δ∥∇w∥qLq(Ω) − γ ≥ −γ,

where δ := α > 0 and γ := β|Ω|.
In particular, if I(w) < ∞, then ∥∇w∥Lq(Ω) < ∞. Now fix a reference function ug ∈

M such that I(ug) < ∞. Then for any admissible w ∈ M, we have w − ug ∈ W 1,q
0 (Ω).

By the Poincaré inequality,

∥w − ug∥Lq(Ω) ≤ C∥∇(w − ug)∥Lq(Ω),

and hence
∥w∥Lq(Ω) ≤ ∥w − ug∥Lq(Ω) + ∥ug∥Lq(Ω) < ∞.

In summary, the coercivity assumption (3) on p gives boundedness of minimizing se-
quences in W 1,q(Ω) and also ensures that the functional I(·) is bounded below.

3.2. Weak compactness. Let X be a Banach space, that is, a complete normed space, and
let X∗ denote its dual space, consisting of all linear and continuous functionals on X . A
sequence {uk} ⊂ X is said to converge weakly to u ∈ X , denoted by

uk ⇀ u,

if
⟨f, uk⟩ → ⟨f, u⟩ for all f ∈ X∗,

where ⟨·, ·⟩ denotes the duality pairing between X∗ and X .
In contrast, strong convergence is defined by

uk → u if lim
k→∞

∥uk − u∥X = 0.

By the definition of a continuous linear functional, strong convergence implies weak
convergence:

|⟨f, u− uk⟩| ≤ ∥f∥X∗∥u− uk∥X → 0.

However, weak convergence does not imply strong convergence. A counterexample is
given in the exercise below.

Exercise 3.1 (Exercise 1, Chapter 8 of [4]). This problem shows that a weakly convergent
sequence can behave quite badly.

1. Show that uk(x) = sin(kx) converges weakly to zero in L2(0, 1) as k → ∞.
2. Fix constants a, b ∈ R and 0 < λ < 1. Define a sequence of piecewise constant

functions:

uk(x) :=

{
a if j

k ≤ x < j+λ
k ,

b if j+λ
k ≤ x < j+1

k ,
for j = 0, . . . , k − 1.

Prove that uk ⇀ λa+ (1− λ)b in L2(0, 1).

The duality pairing
⟨f, u⟩, f ∈ X∗, u ∈ X,

can be used to define a natural embedding X ↪→ X∗∗ := (X∗)∗ by mapping each u ∈ X
to the element Tu ∈ X∗∗ defined by

Tu(f) := ⟨f, u⟩ for all f ∈ X∗.



EXISTENCE OF GLOBAL MINIMUM FOR CALCULUS OF VARIATION 7

If this mapping is surjective, that is, if every element of X∗∗ arises from some u ∈ X , then
we say that X is reflexive.

Exercise 3.2. The space Lp(Ω) is reflexive for 1 < p < +∞, but not for the endpoints
p = 1 and p = +∞. We do have

(L1(Ω))∗ = L∞(Ω), but (L∞(Ω))∗ ⊃ L1(Ω).

Find (L∞(Ω))∗.

In the dual space X∗, weak convergence is defined by

fk ⇀ f if ⟨fk, u⟩ → ⟨f, u⟩ for all u ∈ X∗∗.

If we restrict the class of test functions u to the subspace X ⊆ X∗∗ via the natural embed-
ding, we obtain weak-* convergence:

(4) fk ⇀∗ f if ⟨fk, u⟩ → ⟨f, u⟩ for all u ∈ X ⊆ X∗∗.

If X is reflexive,then weak convergence is equivalent to weak-* convergence.
If uk ⇀ u, then in general we cannot conclude that ∥uk − u∥X → 0. However, we can

conclude that the norms are uniformly bounded:

uk ⇀ u ⇒ sup
k

∥uk∥X < ∞.

Indeed, if uk ⇀ u in X , then for each f ∈ X∗, the sequence {⟨f, uk⟩}k is bounded. Then
{Tk := Tuk

(f)}k is bounded for every f ∈ X∗, and the Uniform Boundedness Principle
yields

sup
k

∥Tk∥ = sup
k

∥uk∥X < ∞.

In finite-dimensional spaces, every bounded sequence has a convergent subsequence by
the Bolzano–Weierstrass theorem. In infinite-dimensional Banach spaces, this is no longer
true in general for strong convergence; recall the example {en} ⊂ ℓ2. We therefore need
replace strong convergence by a weaker notion of convergence.

Exercise 3.3. Let ℓ2 denote the space of square-summable sequences. Suppose {xn}∞n=1 ⊂
ℓ2 is a bounded sequence, that is,

sup
n

∥xn∥ℓ2 < C.

Prove that there exists a subsequence {xnk
} and an element x ∈ ℓ2 such that for each

coordinate j ∈ N,
(xnk

)j → xj as k → ∞.

That is, a bounded sequence in ℓ2 admits a coordinate-wise convergent subsequence.

We now present a sequential compactness result under the additional assumption that
X is separable. Recall that a normed space X is called separable if it contains a count-
able dense subset. The Banach–Alaoglu theorem states that the closed unit ball of X∗ is
compact in the weak-∗ topology. For our purposes, it is convenient to prove this sequential
form directly by a diagonal argument.

Theorem 3.4 (Sequential weak-∗ compactness in the separable case). Let X be a separa-
ble normed linear space, and let {fn}∞n=1 ⊂ X∗ be a norm-bounded sequence:

sup
n

∥fn∥ < ∞.

Then there exist a subsequence {fmj} and a functional f ∈ X∗ such that

fmj
⇀∗ f in X∗.
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Proof. Since X is separable, there exists a countable dense subset {uk}∞k=1 ⊂ X .
We construct a diagonal subsequence. For u1, the scalar sequence {⟨fn, u1⟩}∞n=1 is

bounded, hence it has a convergent subsequence {fn1
j
}. Next, for u2, the scalar sequence

{⟨fn1
j
, u2⟩}∞j=1 is again bounded, so it has a convergent subsequence {fn2

j
} ⊂ {fn1

j
}.

Continuing inductively, for each k we choose a subsequence {fnk
j
} of {fnk−1

j
} such that

⟨fnk
j
, uk⟩

converges as j → ∞.
Now define the diagonal subsequence by

fmj
:= fnj

j
.

Then for each fixed k, the sequence ⟨fmj , uk⟩ converges as j → ∞.
We claim that for every u ∈ X , the limit limj→∞⟨fmj

, u⟩ exists. Indeed, since {uk}
is dense in X and supj ∥fmj

∥ ≤ C, for any ε > 0 we may choose uk with ∥u − uk∥ <
ε/(3C); then the convergence of ⟨fmj , uk⟩ and the triangle inequality show that {⟨fmj , u⟩}
is Cauchy, hence convergent.

Define
f(u) := lim

j→∞
⟨fmj , u⟩, u ∈ X.

It is easy to check that f is linear. Moreover,

|f(u)| = lim
j→∞

|⟨fmj , u⟩| ≤ C∥u∥,

so f ∈ X∗.
Therefore,

⟨fmj , u⟩ → ⟨f, u⟩ for all u ∈ X,

that is,
fmj

⇀∗ f.

□

When X is reflexive, the canonical embedding identifies X with X∗∗, and hence weak
convergence and weak-∗ convergence in X∗ coincide.

Corollary 3.5. Let X be a reflexive and separable Banach space, and let {uk} ⊂ X be a
bounded sequence, that is,

sup
k

∥uk∥X < ∞.

Then there exist a subsequence {ukj} ⊂ {uk} and an element u ∈ X such that

ukj ⇀ u in X.

For weak compactness of bounded sequences in X , the assumption “reflexive and sep-
arable” may be replaced by “reflexive.” The separability assumption is needed only to
obtain a subsequence result by a diagonal argument. If one is interested only in topological
compactness, rather than sequential compactness, then neither reflexivity nor separability
is needed. This is precisely the content of the Banach–Alaoglu theorem: if X is a normed
space, then the closed unit ball of X∗ is compact in the weak-∗ topology.

Remark 3.6. In Sobolev spaces W 1,q(Ω), we exclude the endpoint case q = 1, since it
lies outside the reflexive setting. Because W 1,1(Ω) is not reflexive, bounded sequences in
W 1,1(Ω) need not admit weakly convergent subsequences in W 1,1(Ω). For this reason,
existence theory for functionals with linear growth is usually developed in the larger space
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BV (Ω). In that setting, bounded sequences admit weak-∗ convergent subsequences, which
replace the weak compactness argument used for 1 < q < ∞.

3.3. Lower semi-continuity. A function f : X → R ∪ {+∞} is called lower semi-
continuous (l.s.c.) if

f(u) ≤ lim inf
k→∞

f(uk) whenever uk → u.

It is called lower weakly semi-continuous (l.w.s.c.) if

f(u) ≤ lim inf
k→∞

f(uk) whenever uk ⇀ u.

We allow the value +∞ in order to include singular behavior and constraints. Define

dom(f) := {x ∈ X : f(x) < +∞}.
The function f is called proper if dom(f) ̸= ∅.

The graph of f is

G(f) := {(x, f(x)) : x ∈ dom(f)} ⊂ X × R.

The epigraph of f is

epi(f) := {(x, t) ∈ X × R : t ≥ f(x)}.
Geometrically, for each x ∈ dom(f), the set {x} × [f(x),∞) is a vertical ray starting at
(x, f(x)) and extending upward.

The following characterization is immediate from the definition.

Theorem 3.7. For any function f : X → R ∪ {+∞}, the following are equivalent:

1. f is lower semi-continuous;
2. epi(f) is closed in X × R.

x

t

epi(f) = {(x, t) ∈ R2 | f(x) ≤ t}

FIGURE 3. A lower semi-continuous function and its closed epigraph.

Thus, lower semicontinuity can be interpreted geometrically as the closedness of the
epigraph. This viewpoint is especially useful in variational problems, where closedness
properties are often easier to verify than continuity itself. Closedness is a geometric notion,
whereas continuity, such as a vertical jump, depends on the choice of coordinates. For the
vertical jump in Fig. 3, the boundary is locally Lipschitz after a change of coordinates.
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3.4. Lower semi-continuity of convex functions. A subset K of a vector space V is
convex if

x, y ∈ K,λ ∈ (0, 1) =⇒ (1− λ)x+ λy ∈ K.

Recall for a linear subspace S, it requires αx + βy ∈ S for any α, β ∈ R. The convexity
restricts the coefficients α + β = 1, α, β ≥ 0, which is called convex combination. Geo-
metrically, convexity implies the line segment connecting x and y is inside the set while the
linear subspace implies the plane spanned by vectors x and y is contained in the subspace.

A function f : X → R ∪ {+∞} is called convex if

(5) f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y) ∀x, y ∈ X, ∀α ∈ [0, 1].

It is called strictly convex if the inequality is strict whenever x ̸= y and α ∈ (0, 1).
The convexity of a function can be characterized geometrically through its epigraph.

The following theorem follows directly from the definition.

Theorem 3.8. A function f : X → R∪ {+∞} is convex if and only if its epigraph epi(f)
is convex.

A useful consequence of convexity is the equivalence between norm closedness and
weak closedness for convex sets. More precisely, if K ⊂ X is convex, then K is closed in
the norm topology if and only if it is closed in the weak topology.

One way to understand this fact is through Mazur’s theorem: if uk ⇀ u in X , then there
exists a sequence of convex combinations of the tail {uk, uk+1, . . . }, for example

vk =

N(k)∑
n=k

α(k)
n un,

∑
n

α(k)
n = 1, α(k)

n ≥ 0,

such that vk → u strongly in X . Thus, for convex sets, weak convergence can be upgraded
to strong convergence after passing to suitable convex combinations, rather than merely to
a subsequence.

An outline of the proof of Mazur’s theorem is as follows: for each tail

Cm = conv{um, um+1, . . . },
the weak limit u must belong to the norm closure Cm; otherwise, the Hahn–Banach the-
orem gives a functional f ∈ X∗ that strictly separates u from Cm, which contradicts the
convergence f(uk) → f(u). Choosing vm ∈ Cm such that ∥vm − u∥ < 1/m then gives a
sequence of convex combinations converging strongly to u.

Theorem 3.9. Let X be a Banach space and let f : X → R ∪ {+∞} be convex. Then f
is lower semi-continuous if and only if it is lower weakly semi-continuous.

Proof. By the epigraph characterization, f is lower semi-continuous if and only if epi(f)
is closed in the norm topology of X×R. By Theorem 3.8, the set epi(f) is convex. Since a
convex set is norm closed if and only if it is weakly closed, it follows that epi(f) is closed
in the norm topology if and only if it is closed in the weak topology. Therefore, f is lower
semi-continuous if and only if it is lower weakly semi-continuous. □

3.5. Lower semi-continuity for nonnegative integrands. Suppose uk → u strongly in
L1(Ω), and let the Lagrangian L(x, u, p) be continuous in the variables (x, u, p). A central
question in real analysis is: Can we exchange the limit and the integral to conclude

lim
k→∞

∫
Ω

L(uk(x)) dx =

∫
Ω

lim
k→∞

L(uk(x)) dx =

∫
Ω

L(u(x)) dx?

Here we suppress the variables (x, p), since the convergence is only in u.
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The answer is no. Continuity of L alone does not provide a uniform bound or an
integrable dominating function for L(uk(x)). In particular, one cannot in general find
g ∈ L1(Ω) such that

|L(uk(x))| ≤ g(x) for all k and a.e. x ∈ Ω.

Without such a bound, the Dominated Convergence Theorem (DCT) cannot be applied.

Example 3.10. Let Ω = [0, 1] and define L(u) = u2. Consider

uh(x) := h−2/3χ[0, h](x), h → 0,

where χ[0, h] is the characteristic function of [0, h]. Then∫ 1

0

uh(x) dx = h1/3 → 0,

so uh → u = 0 strongly in L1(Ω). However,∫ 1

0

u2
h(x) dx =

∫ h

0

h−4/3 dx = h−1/3 → ∞ ̸= 0.

Thus, ∫
Ω

L(uh) dx ̸→
∫
Ω

L(u) dx.

We can still prove lower semi-continuity if L ≥ 0. In the example above, even though∫
Ω

L(uk) dx → +∞ ≥
∫
Ω

L(u) dx,

this causes no difficulty for lower semi-continuity, since only a lower bound is required.

Lemma 3.11 (Fatou). Let {fk ≥ 0} be a sequence of nonnegative measurable functions
on Ω. Then the integral is lower semi-continuous in the sense that∫

Ω

lim inf
k→∞

fk(x) dx ≤ lim inf
k→∞

∫
Ω

fk(x) dx.

Lemma 3.12 (Lower semicontinuity for nonnegative integrands). Let Ω ⊂ Rn be bounded,
and let uk, u ∈ L1(Ω) satisfy

uk → u strongly in L1(Ω).

Assume L : R → R is continuous and L ≥ 0. Then∫
Ω

L
(
u(x)

)
dx ≤ lim inf

k→∞

∫
Ω

L
(
uk(x)

)
dx.

Proof. Choose a subsequence {ukj} such that∫
Ω

L
(
ukj

(x)
)
dx → ℓ = lim inf

k→∞

∫
Ω

L
(
uk(x)

)
dx.

Since uk → u strongly in L1(Ω), there exists a subsequence, still denoted by {ukj
}, such

that
ukj

(x) → u(x) for a.e. x ∈ Ω.

By continuity of L,

L
(
ukj

(x)
)
→ L

(
u(x)

)
for a.e. x ∈ Ω.
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Since L ≥ 0, Fatou’s lemma yields∫
Ω

L
(
u(x)

)
dx ≤ lim inf

j→∞

∫
Ω

L
(
ukj

(x)
)
dx = ℓ.

□

Example 3.13. Let L(u) = −u. Consider Ω = [0, 1] and define

uk(x) = kχ[0,1/k](x), u(x) = 0.

Then uk → u strongly in L1(Ω),
∫
Ω
L(uk) dx = −1 for all k,

∫
Ω
L(u) dx = 0, and

lim inf
k→∞

∫
Ω
L(uk) dx = −1 < 0. Thus the conclusion of Lemma 3.12 fails when L takes

negative values.

3.6. Convexity and lower weak semi-continuity. If ∇uk → ∇u strongly and L(x, u, p)
is continuous in p, then one may apply the lower semi-continuity result from the previous
subsection to the sequence L(x, uk,∇uk). However, boundedness of ∥∇uk∥Lq yields only
weak convergence, up to a subsequence:

∇uk ⇀ ∇u in Lq(Ω;Rm).

Thus, to recover lower semicontinuity of the functional, one needs an additional structural
assumption.

A natural sufficient condition is convexity in the gradient variable p. Indeed, convexity
provides the supporting-hyperplane inequality, which is the key tool for proving weak
lower semicontinuity.

Lemma 3.14 (Lower weak semicontinuity of convex integral functionals). Let Ω ⊂ Rn

be measurable with finite measure. Suppose L : Rm → R is convex and continuously
differentiable. Let {pk} ⊂ Lq(Ω;Rm) for some 1 < q < ∞, and assume
• pk ⇀ p weakly in Lq(Ω;Rm),
• L(pk) ∈ L1(Ω) for all k,
• ∇L(p) ∈ Lq∗(Ω;Rm), where 1/q + 1/q∗ = 1.

Then we have the lower weak semi-continunity∫
Ω

L(p(x)) dx ≤ lim inf
k→∞

∫
Ω

L(pk(x)) dx.

Proof. Since L : Rm → R is convex and differentiable, we have

L(pk(x)) ≥ L(p(x)) +∇L(p(x)) ·
(
pk(x)− p(x)

)
for a.e. x ∈ Ω.

Integrating over Ω, we obtain∫
Ω

L(pk(x)) dx ≥
∫
Ω

L(p(x)) dx+

∫
Ω

∇L(p(x)) ·
(
pk(x)− p(x)

)
dx.

Since pk ⇀ p weakly in Lq(Ω;Rm) and ∇L(p) ∈ Lq∗(Ω;Rm), the last term converges to
zero. Therefore

lim inf
k→∞

∫
Ω

L(pk(x)) dx ≥
∫
Ω

L(p(x)) dx.

□

A variant based on Mazur’s theorem shows that one may pass to suitable convex com-
binations of {pk} that converge strongly in Lq , so the assumption ∇L(p) ∈ Lq∗(Ω;Rm)
can be avoided.
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3.7. Application to Calculus of Variations. We now aim to establish the lower weak
semicontinuity of the functional I(u). Since the variable p will later be replaced by ∇u,
and the gradient term has the dominant scaling, it is enough to assume convexity of the
Lagrangian with respect to p alone.

In one dimension, this difference in scaling can be seen directly by comparing u and
u′. In higher dimensions, the same idea is reflected by the Rellich–Kondrachov compact
embedding theorem. Let Ω ⊂ Rn be a bounded domain with Lipschitz boundary, and let
1 ≤ q < ∞. Then the embedding

W 1,q(Ω) ↪→ Lq(Ω)

is compact, in the sense that every bounded sequence in W 1,q(Ω) admits a strongly con-
vergent subsequence in Lq(Ω).

Since weak convergence implies boundedness of the norm, it follows that if

uk ⇀ u in W 1,q(Ω),

then {uk} is bounded in W 1,q(Ω). By the compact embedding, there exists a subsequence
{ukj

} such that
ukj

→ u in Lq(Ω).

Note that the assumptions that Ω is bounded with Lipschitz boundary and that q < ∞ are
essential here.

The proof of the Tonelli–Morrey theorem is technical, but the main ideas are already
reflected in Littlewood’s three principles. For the zeroth-order term uk → u, we pass to a
good compact subset on which the convergence is uniform. For the gradient term ∇uk ⇀
∇u, we use convexity in p. The assumption L ≥ 0 is used to control the contribution from
the complement of the good compact set.

Theorem 3.15 (Tonelli–Morrey). Let Ω ⊂ Rn be bounded with Lipschitz boundary, and
let 1 < q < ∞. Suppose

L : Ω× R× Rn → R
satisfies

1. L ∈ C1(Ω× R× Rn),
2. L ≥ 0,
3. for every (x, u) ∈ Ω× R, the map p 7→ L(x, u, p) is convex.

Then

I(u) :=

∫
Ω

L(x, u(x),∇u(x)) dx

is lower weak semi-continuous on W 1,q(Ω).

Proof. Suppose
uj ⇀ u in W 1,q(Ω).

We must show
I(u) ≤ lim inf

j→∞
I(uj).

Passing to a subsequence if necessary, we may assume

lim inf
j→∞

I(uj) = lim
j→∞

I(uj).

1 By the Rellich–Kondrachov theorem, after passing to a subsequence,

uj → u strongly in Lq(Ω).
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Passing to a further subsequence, still denoted by {uj}, we may also assume

uj(x) → u(x) for a.e. x ∈ Ω.

2 Fix ε > 0. By Lusin’s theorem and Egorov’s theorem, there exists a compact set K ⊂ Ω
such that |Ω \K| < ε and

1. uj → u uniformly on K,
2. u and ∇u are continuous on K.

Since L(x, u(x),∇u(x)) ≥ 0 and is measurable, by absolute continuity of the Lebesgue
integral we may choose K so that∫

K

L(x, u(x),∇u(x)) dx ≥
∫
Ω

L(x, u(x),∇u(x)) dx− ε.

By convexity in p,

L(x, uj ,∇uj) ≥ L(x, uj ,∇u) + Lp(x, uj ,∇u) · (∇uj −∇u)

for a.e. x ∈ K. Integrating over K, we obtain

I(uj) ≥
∫
K

L(x, uj ,∇u) dx+

∫
K

Lp(x, u,∇u) · (∇uj −∇u) dx

+

∫
K

(
Lp(x, uj ,∇u)− Lp(x, u,∇u)

)
· (∇uj −∇u) dx.

3 Since uj → u uniformly on K, and L is continuous, we have

L(x, uj(x),∇u(x)) → L(x, u(x),∇u(x)) uniformly on K.

Hence, by the Dominated Convergence Theorem,∫
K

L(x, uj(x),∇u(x)) dx →
∫
K

L(x, u(x),∇u(x)) dx.

4 Since u and ∇u are continuous on the compact set K, and L ∈ C1, the function

x 7→ Lp(x, u(x),∇u(x))

belongs to L∞(K;Rn). Extending by zero outside K, define

ϕ(x) := χK(x)Lp(x, u(x),∇u(x)).

Then
ϕ ∈ L∞(Ω;Rn) ⊂ Lq∗(Ω;Rn),

1

q
+

1

q∗
= 1.

Since ∇uj ⇀ ∇u weakly in Lq(Ω;Rn), it follows that∫
K

Lp(x, u(x),∇u(x)) · (∇uj −∇u) dx =

∫
Ω

ϕ(x) · (∇uj −∇u) dx → 0.

5 Since uj ⇀ u in W 1,q(Ω), the sequence {∇uj} is bounded in Lq(Ω). Because K has
finite measure, this implies

∥∇uj −∇u∥L1(K) ≤ C

for some constant C independent of j. Moreover, since uj → u uniformly on K and Lp is
continuous,

∥Lp(·, uj(·),∇u(·))− Lp(·, u(·),∇u(·))∥L∞(K) → 0.

Therefore ∫
K

(
Lp(x, uj ,∇u)− Lp(x, u,∇u)

)
· (∇uj −∇u) dx → 0.
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Combining the three terms, we obtain

lim inf
j→∞

I(uj) ≥
∫
K

L(x, u(x),∇u(x)) dx ≥ I(u)− ε.

Since ε > 0 is arbitrary,
lim inf
j→∞

I(uj) ≥ I(u).

□

Put all components together, we obtain the following existence theorem.

Theorem 3.16 (Existence of a minimizer). Let 1 < q < ∞, and let M ⊂ W 1,q(Ω) be
nonempty and weakly closed. Assume that the Lagrangian L(x, u, p) satisfies the coercivity
condition and the assumptions of the Tonelli–Morrey theorem, in particular that p 7→
L(x, u, p) is convex. Then the functional

I(u) =

∫
Ω

L(x, u(x),∇u(x)) dx

attains its minimum on M. That is, there exists u ∈ M such that

I(u) = inf
w∈M

I(w).

Proof. This theorem may be viewed as a correction of Dirichlet’s principle.
Choose a minimizing sequence {uk} ⊂ M such that

I(uk) → inf
w∈M

I(w).

By coercivity, the sequence {uk} is bounded in W 1,q(Ω). Since W 1,q(Ω) is reflexive
for 1 < q < ∞, there exists a subsequence, still denoted by {uk}, and a function u0 ∈
W 1,q(Ω) such that

uk ⇀ u0 in W 1,q(Ω).

Because M is weakly closed, we have u0 ∈ M.
By weak lower semicontinuity of I ,

I(u0) ≤ lim inf
k→∞

I(uk) = inf
w∈M

I(w).

Hence u0 is a minimizer. □

APPENDIX: SEVERAL CONVERGENCE AND LITTLEWOOD’S THREE PRINCIPLES

We provide some background on several notions of convergence in real analysis.
• Weak convergence in W 1,q(Ω): uk ⇀ u in W 1,q(Ω) means

uk ⇀ u and ∇uk ⇀ ∇u in Lq(Ω).

It implies boundedness in W 1,q(Ω).
• Strong convergence in Lq(Ω): uk → u in Lq(Ω) means

∥uk − u∥Lq(Ω) → 0.

• Almost everywhere convergence: uk(x) → u(x) a.e. in Ω is a pointwise statement,
not a norm convergence.

• Uniform convergence on a compact set K ⊂ Ω: uk → u uniformly on K means

sup
x∈K

|uk(x)− u(x)| → 0.

This is stronger than pointwise convergence on K.
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We use the relation
uk ⇀ u in W 1,q(Ω)

⇓
ukj → u in Lq(Ω)

⇓
ukj

(x) → u(x) for a.e. x ∈ Ω

⇓
ukj

→ u uniformly on a compact set K ⊂ Ω

We recall Littlewood’s three principles of analysis, which give useful heuristics in mea-
sure theory and real analysis. With negligible modification, we move from real analysis
back to the more familiar setting of calculus.

1. Every measurable set is nearly compact.
For any measurable set E ⊂ Rn with finite measure and any ε > 0, there exists a

compact set K ⊂ E such that

m(E \K) < ε.

This is the inner regularity of Lebesgue measure.
2. Every measurable function is nearly continuous. (Lusin’s theorem)

Let u : Ω → R be a measurable function on a bounded domain Ω ⊂ Rn with finite
Lebesgue measure. Then for every ε > 0, there exists a closed set K ⊂ Ω such that
• |Ω \K| < ε,
• u|K is continuous.

3. Every pointwise convergent sequence of measurable functions is nearly uniformly
convergent. (Egorov’s theorem)

Let Ω ⊂ Rn be a bounded domain, and let {uk} be a sequence of measurable
functions uk : Ω → R such that

uk(x) → u(x) for almost every x ∈ Ω.

Then for every ε > 0, there exists a closed set K ⊂ Ω such that
• |Ω \K| < ε,
• uk → u uniformly on K.
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