
CLASSIC THEORY OF CALCULUS OF VARIATION

LONG CHEN

ABSTRACT. We present the first-order condition: the Euler–Lagrange equation, and vari-
ous second-order conditions: the Legendre condition, the Jacobi condition, and the Weier-
strass condition. We also discuss weak and strong minima. For the classical theory, the
presentation is limited to one-dimensional functions.
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1. PROBLEM FORMULATION

The classical calculus of variation problem is

(1) inf
x∈M

∫ b

a

L(t, x(t), x′(t)) dt,

with
• M = {x ∈ C1(a, b) | x(a) = A, x(b) = B};
• L(t, x, v) : R3 → R is sufficiently smooth, e.g., of class C2.

In the notation L(t, x, v), the variables (t, x, v) are treated as three independent variables,
often referred to as time, state, and velocity. However, in L(t, x(t), x′(t)), these variables
are coupled through the function x(t).
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A function x∗ ∈ M is called a global minimizer if

I(x∗) ≤ I(x) ∀x ∈ M,

and a local minimizer if
I(x∗) ≤ I(x) ∀x ∈ N (x∗),

where the neighborhood N (x∗) will be defined more precisely in Definition 4.1. If the
inequality ≤ is replaced by a strict inequality <, then x∗ is called a strict minimizer.
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FIGURE 1. Variations of a curve.

We introduce a variation of a function. Let ϕ be a test function in M0, satisfying certain
boundary conditions such that if x ∈ M, then x + ϵϕ ∈ M for small ϵ. For the example
considered,

M0 = C1
0 (a, b) := {ϕ ∈ C1(a, b) | ϕ(a) = ϕ(b) = 0}.

The term ϵϕ is called a variation of x, and the scalar ϵ indicates that the perturbation is
small.

Define the function
f(ϵ) := I(x∗ + ϵϕ).

We are now reduced to a standard problem in calculus: a curve x∗ is an interior local
minimizer of I(·) if and only if 0 is a local minimizer of the function f(ϵ). Thus, the
first-order optimality condition for an extremal curve x∗ of I(x) is

(2) f ′(0) =
d

dϵ
I(x+ ϵϕ)

∣∣∣∣
ϵ=0

= 0.

Moreover, we have the following sufficient and necessary conditions for 0 to be a local
and interior minimizer of f(ϵ):

(3)

f ′(0) = 0, f ′′(0) > 0
⇓

x∗ is an interior local minimizer
⇓

f ′(0) = 0, f ′′(0) ≥ 0

Typically, we are concerned with interior minimizers. When M is bounded, the minimizer
may lie on the boundary. In such cases, the first-order optimality condition becomes a
variational inequality, which will be discussed in a separate lecture note.
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2. THE EULER–LAGRANGE EQUATION

By the chain rule, we obtain the variational form of the Euler–Lagrange equation, where
(·, ·) denotes the standard L2(a, b) inner product.

In calculus, a critical point of the optimization problem min f(x) is a point where the
first derivative vanishes, i.e., f ′(x) = 0. Similarly, in the calculus of variations, a solution
to the Euler–Lagrange equation is called an extremal (or extremal curve) of the functional.

2.1. Sobolev Spaces and Weak Form of the Euler–Lagrange Equation. Applying the
chain rule to (2), we obtain the weak form of the Euler–Lagrange equation.

Variational (weak) form of the Euler–Lagrange equation

(4) (Lv(t, x, x
′), ϕ′) + (Lx(t, x, x

′), ϕ) = 0 ∀ϕ ∈ H1
0 (a, b).

To define the first variation δI(x, ϕ), it is enough to assume x, ϕ ∈ C1. This assumption
is, however, stronger than needed, since it requires derivatives to exist in the classical sense
as pointwise limits of difference quotients.

Example 2.1. Consider the following example (Example 15.1 p307 in [2]):

min
x∈M

I(x) :=

∫ 1

−1

x2(x′ − 1)2 dt, with x(−1) = 0, x(1) = 1.

Obviously I(x) ≥ 0 and x∗ = max{t, 0} (ReLU function) is a global minimum which
is not in C1. One can easily construct a sequence of C1 curves xn s.t. I(xn) → 0 and
xn → x∗ pointwisely. That is we find a minimizing sequence {xk} ⊂ C1 but the limit is
out of C1. In other words, C1 is not complete under the norm ∥ · ∥1,∞.

t
−1 10

1

x∗(t) = max{t, 0}xn ∈ C1[−1, 1]
(−1, 0)

(1, 1)

Figure 2. The ReLU-type minimizer.
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Figure 3. A hat function.

In many applications, it is natural to consider a broader class of functions—those that
are continuous and piecewise smooth. These functions may have corners or kinks and thus
fail to be classically differentiable everywhere. This motivates the introduction of a more
flexible notion of differentiability: weak derivatives.

The space for the test function ϕ can be relaxed to H1
0 (a, b) := C1

0 (a, b)
∥·∥1

, where

(u, v)1 := (u, v) + (u′, v′) =
∫ b

a

uv + u′v′ dt,

and ∥ · ∥1 is the induced norm. In the variational form (4), the solution (if exists) x ∈
H1(a, b) = C1(a, b)

∥·∥1
. Functions in H1(a, b) possess weak derivatives, which are de-

fined through action rather than the classical notion of derivative as a pointwise limit of the
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difference quotient. More precisely, for a function u ∈ L1
loc(a, b), if there exists a function

p ∈ L1
loc(a, b) satisfying

(p, ϕ) = −(u, ϕ′) for all ϕ ∈ C∞
0 (a, b),

then we say p is the weak derivative of x and still denoted by p = u′. Obviously when u is
C1, the weak derivative coincides with the classic derivative.

For a function that is piecewise C1 and globally continuous, the weak derivative exists
and is equal to the piecewise derivative.

Exercise 2.2. Let u ∈ C[a, b] ∩ C1(a, c) ∩ C1(c, b). Prove that the weak derivative exists
and is equal to the piecewise derivative.

Weakly differentiable functions need not be differentiable in the classical sense, as
shown by examples such as the absolute value function and the ReLU function. In par-
ticular, piecewise linear and globally continuous functions, which form the linear finite
element space, are useful for constructing special test functions in the proof. For a point
t ∈ [a, b], consider a hat function ϕh ∈ H1

0 (a, b) with support length h and height 1; see
Fig. 3. For such a function, we have the scaling estimates

(ϕ′h, ϕ
′
h) = O(h−1), (|ϕ′h|, ϕh) = O(1), and (ϕh, ϕh) = O(h).

With the Sobolev space H1
0 (a, b), we may identify the first variation as an element of

H−1(a, b) = (H1
0 (a, b))

′.

Here, for a topological vector space V , the dual space V ′ denotes the space of all continu-
ous linear functionals on V . More precisely, we define δI(x) ∈ H−1(a, b) by

⟨δI(x), ϕ⟩ := (Lv(t, x, x
′), ϕ′) + (Lx(t, x, x

′), ϕ) ∀ϕ ∈ H1
0 (a, b).

Thus the weak form of the Euler–Lagrange equation can be written as

⟨δI(x), ϕ⟩ = 0 ∀ϕ ∈ H1
0 (a, b),

or equivalently,
δI(x) = 0 in H−1(a, b).

For 1 ≤ p ≤ ∞, define Sobolev spaces

W 1,p(a, b) = C1(a, b)
∥·∥1,p

, W 1,p
0 (a, b) = C1

0 (a, b)
∥·∥1,p

,

where
∥x∥1,p = (∥x∥pLp + ∥x′∥pLp)

1/p

for 1 ≤ p < ∞, with the usual modification for p = ∞. Since functions are defined only
up to sets of measure zero, ∥ · ∥∞ denotes the essential supremum.

For a continuous piecewise smooth function, the weak derivative agrees with the piece-
wise classical derivative. The continuity assumption is important: without it, integration
by parts produces jump terms at points of discontinuity.

In one dimension, every x ∈ W 1,1(a, b) has an absolutely continuous representative,
still denoted by x, and

(5) x(t) = x(a) +

∫ t

a

x′(s) ds.

In particular,W 1,∞(a, b) can be identified with the space of Lipschitz functions Lip(a, b) =
C0,1(a, b) which is the space of pointwise-defined Lipschitz functions. On an interval,
these spaces agree through the absolutely continuous representative:

W 1,∞(a, b) ∼= Lip(a, b) = C0,1(a, b).
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2.2. Strong form of E-L Equation. Using integration by parts and noting that the bound-
ary term disappears since ϕ vanishes on the boundary, we get the strong form of the E–L
equation.

Strong form of Euler-Lagrange equation

(6) − d

dt
Lv(t, x(t), x

′(t)) + Lx(t, x(t), x
′(t)) = 0 t ∈ [a, b] a.e.

The test function ϕ is not present in (6) by using the fact: ∀ϕ ∈ L2(a, b) holds →
pointwise (a.e.) holds. If this were not the case, one could construct a test function ϕ near
a point t that violates the weak form of the Euler-Lagrange equation (4), contradicting its
validity for all ϕ ∈ H1

0 (a, b).
The strong form of the Euler–Lagrange equation holds for x ∈ H2(a, b), and (6) is a

nonlinear second-order elliptic ODE.

2.3. Other forms of E-L Equation. When the function is not smooth enough, we can
write it in integral form.

Integral form of the Euler–Lagrange equation

(7) −Lv(t, x(t), x
′(t)) +

∫ t

a

Lx(s, x, x
′) ds = const, t ∈ [a, b] a.e.

Formally it is the indefinite integral of the strong form (6). But to derive (7), we start
from with the weak form (4) of the Euler–Lagrange equation and apply integration by parts
to the lower-order term:

(Lx, ϕ) =

((
c+

∫ t

a

Lx

)′
, ϕ

)
= −

(
c+

∫ t

a

Lx, ϕ
′
)
.

Introduce p(t) = Lv(t, x(t), x
′(t)), which is called the momentum or adjoint variable

in physics, or the co-state in control theory. Then the integral form of the Euler–Lagrange
equation can be rewritten as follows. This is the standard way to express the second-order
ODE (6) as a first-order system.

Euler–Lagrange equation as a first-order system

(8)
Lv(t, x(t), x

′(t)) = p(t), t ∈ [a, b] a.e.

p′(t) = Lx(t, x(t), x
′(t)).

2.4. Boundary and interface conditions. When the admissible set is enlarged to M =
H1(a, b) without fixing the boundary condition, the test space also becomesH1(a, b) with-
out the zero boundary condition. The variational form (4) still holds by first restricting the
test function to the subspace H1

0 (a, b). Then, applying integration by parts, we still obtain
the strong form (6) of the E–L equation.
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Next, choose ϕ ∈ H1(a, b) and apply integration by parts again. Now, using the pre-
viously established E–L equation (6), we eliminate the volume contribution and conclude
that the boundary term vanishes:

Lv(t, x, x
′)ϕ
∣∣b
a
= 0, ∀ϕ ∈ H1(a, b) =⇒ p(a) = p(b) = 0.

This shows that a Neumann-type boundary condition is built into the weak formulation of
the E–L equation.

By the integral form of the Euler–Lagrange equation (7), the adjoint variable p is con-
tinuous. This yields the first Erdmann corner condition at an interface point c where x is
continuous but may not differentiable.

First Erdmann Corner Condition

Let x ∈ C0([a, b]) ∩ C1([a, c) ∪ (c, b]) be an extremal. Thus x is continuous on
[a, b] but may have a corner at t = c ∈ (a, b). Then

(9) p(t)|t=c− = p(t)|t=c+ ,

where
p(t) = Lv(t, x(t), x

′(t))

is the adjoint variable.

When L is independent of t, which is called autonomous, we have the conservation of
Hamiltonian H = px′ − L, which is known as the second Erdmann condition.

Second Erdmann condition for autonomous Lagrangian

(10) x′(t)Lv(x(t), x
′(t))− L(x(t), x′(t)) = const.

In contrast to the strong form of the Euler-Lagrange equation given by (6), equation
(10) is a first order nonlinear ODE and can be thought of as a first integral of (6). The
validity of (10) can be easily verified by taking its derivative and using the strong form of
the Euler-Lagrange equation.

2.5. Regularity. We relax C1[a, b] to Lip[a, b] ∼= W 1,∞(a, b) and seek minimizers in a
larger admissible class. Under an additional convexity condition, the minimizer is in fact
C1[a, b].

Theorem 2.3. Let x∗ ∈ Lip[a, b] satisfy the integral Euler–Lagrange equation (7), and
assume that for every (t, z) ∈ [a, b]× R, the map

v 7→ L(t, z, v)

is strictly convex. Assume in addition that Lv is continuous in all variables. Then x∗ ∈
C1[a, b].

Proof. Since x∗ ∈ Lip[a, b], we have x′∗ ∈ L∞(a, b), and

(11) x∗(t) = x∗(a) +
∫ t

a

x′∗(s) ds
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is absolutly continuous. By the integral Euler–Lagrange equation (7), the function

p(t) := Lv(t, x∗(t), x
′
∗(t))

has a continuous representative on [a, b].
For each (t, z), strict convexity of v 7→ L(t, z, v) implies that v 7→ Lv(t, z, v) is strictly

increasing, hence one-to-one. Since Lv is continuous, its inverse with respect to the third
variable is also continuous. Therefore there exists a continuous function Ψ such that

x′∗(t) = Ψ(t, x∗(t), p(t)) for a.e. t ∈ [a, b].

Because x∗ is continuous and p is continuous, the right-hand side admits a continuous
representative on [a, b]. Hence x′∗ has a continuous representative, still denoted by x′∗. It
follows from (11) that x∗ ∈ C1[a, b]. □

In Example 2.1, the condition that L is strictly convex in v fails. Indeed,

L(t, x, v) = x2(v − 1)2

is not strictly convex in v when x = 0, and the minimizer x∗(t) = max{t, 0} vanishes on
a set of positive measure. When L ∈ C2 and is strictly convex in v, we have Lvv > 0,
so the Euler–Lagrange equation is nondegenerate. In that case one can derive the stronger
regularity x ∈ C2(a, b).

3. SECOND ORDER CONDITIONS

To determine whether an extremal is a local minimizer, one must examine the second
variation of the functional near the extremal. Throughout this section, we assume that
the Lagrangian L is twice continuously differentiable, so that the second variation is well
defined.

3.1. Second order variation. We first consider the second variation:

f ′′(0) = δ2I(x, ϕ) :=
d2

dϵ2
I(x+ ϵϕ)

∣∣∣∣
ϵ=0

.

In view of (3), we obtain the conditions for 0 to be a local minimizer of the scalar function
f(ϵ).

- Necessary conditions. If x∗ ∈ M is a local minimizer of I(·), then

(1) δI(x∗, ϕ) = 0 for all ϕ ∈ H1
0 (Ω),

(2) δ2I(x∗, ϕ) ≥ 0 for all ϕ ∈ H1
0 (Ω).

- Sufficient conditions. If

(1) δI(x∗, ϕ) = 0 for all ϕ ∈ H1
0 (Ω),

(2) there exists λ > 0 such that

δ2I(x∗, ϕ) ≥ λ∥ϕ∥21 ∀ϕ ∈ H1
0 (Ω),

then x∗ is a strict local minimizer of I(·).
We now derive conditions that no longer involve the test function ϕ explicitly. At this

point, one natural question is: which Hessian should be used?
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3.2. Hessian of the Lagrangian. By direct calculation, we have

δ2I(x, ϕ) = (Aϕ′, ϕ′) + 2(Bϕ′, ϕ) + (Cϕ, ϕ),

where

A = Lvv(t, x(t), x
′(t)), B = Lxv(t, x(t), x

′(t)), C = Lxx(t, x(t), x
′(t)).

The Hessian matrix of L(t, x, v) with respect to variable (v, x) at x∗ is denoted by

(12) H∗(t) =

(
A∗ B∗
B∗ C∗

)
.

Here ∗ is used to emphasize it is evaluated at a particular extremal function x∗ solving the
E-L equation. Then the second order variation can be rewritten as

δ2I(x∗, ϕ) =

(
H∗

(
ϕ′

ϕ

)
,

(
ϕ′

ϕ

))
.

Based on this formulation, we have the following sufficient condition.

A sufficient condition: Hessian of the Lagrangian is SPD

Suppose
(1) x∗ satisfies the E-L equation of I(·);
(2) H∗(t) > 0 for all t ∈ [a, b];

then x∗ is a strict local minimum.

Here, a symmetric n × n matrix M > 0 means (Mv, v) ≥ 0 for all v ∈ Rn, and
(Mv, v) = 0 if and only if v = 0, or equivalently, λmin(M) > 0, where λmin(M) is the
minimum eigenvalue of M , and such M is called symmetric and positive definite (SPD).

Use the continuity of λmin(H∗(t)) on the compact interval [a, b], which follows from
the assumption that L ∈ C2, we conclude that there exists a minimum value λ0 > 0 s.t.
mint∈[a,b] λmin(H∗(t)) > λ0. Then δ2I(x∗, ϕ) ≥ λ0∥ϕ∥21.

The condition H∗ ≥ 0 is, however, not necessary. Here is an example.

Example 3.1. Consider L(t, x, v) = v2 − x2. Then H∗ =

(
1 0
0 −1

)
. Consider zero

boundary condition x(a) = x(b) = 0. Then x∗ = 0 solves E-L equation. By the Poincaré
inequality,

δ2I(x∗, ϕ) = ∥ϕ′∥2 − ∥ϕ∥2 ≥
(
1− (b− a)2

2

)
∥ϕ′∥2, ∀ϕ ∈ H1

0 (a, b).

So for (b− a)2 is smaller than 2, we conclude x∗ = 0 is a local minimizer.

Exercise 3.2 (Poincaré inequality). For ϕ ∈ H1
0 (a, b), we have

∥ϕ∥2 ≤ (b− a)2

2
∥ϕ′∥2.

The Hessian matrix H is defined with respect to the variables (v, x), where v and x are
treated as independent. However, in the second-order variation, these variables are coupled
through the relation v = x′, which defines a lower-dimensional manifold Γ = {(v, x) |
v = x′}. The functional I(x) attains a local minimum on Γ, not over the full space of
(v, x). Moreover, the variation involves integration over the interval [a, b], which averages
out pointwise contributions.
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v

x

0

Γ

FIGURE 2. Condition H∗ ≥ 0 is not necessary. For the Lagrangian
L(t, x, v) = v2 − x2, the curve x∗ = 0 is a saddle point of H∗ but still a
local minimizer.

3.3. Hessian of the functional. As we now show, the derivative term x′ sets the scaling
and may dominate the Hessian contribution in the second variation. Therefore, in Exam-
ple 3.1, even if the Hessian matrix H of the Lagrangian is indefinite and is positive definite
only in the v-direction, the extremal x∗ may still be a local minimizer.

We write the second variation in operator form. Assume that L ∈ C3. By integration
by parts, the cross term satisfies

(Bϕ, ϕ′) = −((Bϕ)′, ϕ) = −(B′ϕ, ϕ)− (Bϕ′, ϕ),

=⇒ 2(Bϕ, ϕ′) = −(B′ϕ, ϕ).

Hence the second variation can be written as

δ2I(x, ϕ) = (Sϕ, ϕ)1 := (P (t)ϕ′, ϕ′) + (Q(t)ϕ, ϕ),

where
P (t) = A(t) = Lvv(t, x(t), x

′(t)),

Q(t) = C(t)−B′(t) = Lxx(t, x(t), x
′(t))− d

dt
Lxv(t, x(t), x

′(t)).

More precisely, the second variation defines the symmetric bilinear form

δ2I(x;ϕ, ψ) := (P (t)ϕ′, ψ′) + (Q(t)ϕ, ψ), ∀ϕ, ψ ∈ H1
0 (a, b),

so that
δ2I(x, ϕ) = δ2I(x;ϕ, ϕ).

The associated operator S : H1
0 (a, b) → H1

0 (a, b) is defined by: for each ϕ ∈ H1
0 (a, b),

the element Sϕ ∈ H1
0 (a, b) satisfies

(13) (Sϕ, ψ)1 = (P (t)ϕ′, ψ′) + (Q(t)ϕ, ψ), ∀ψ ∈ H1
0 (a, b).

For fixed ϕ, the right-hand side of (13) is a continuous linear functional of ψ on H1
0 (a, b).

Therefore, by the Riesz representation theorem, S is well defined. Since the bilinear form
is symmetric, S is self-adjoint:

(Sϕ, ψ)1 = (ϕ, Sψ)1.
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A sufficient condition for x∗ to be a local minimizer is

δ2I(x∗, ϕ) > 0 ∀ϕ ∈ H1
0 (a, b) \ {0},

equivalently,
(Sϕ, ϕ)1 > 0 ∀ϕ ∈ H1

0 (a, b) \ {0},
that is, S is positive definite on H1

0 (a, b). A necessary condition for local minimality is

(Sϕ, ϕ)1 ≥ 0 ∀ϕ ∈ H1
0 (a, b),

namely, S ≥ 0.
In summary, integration by parts transforms the Hessian matrix H of the Lagrangian

into the operator S acting on H1
0 (a, b). Although H and S act on different spaces, they

have the same action on the constraint manifold

Γ = {(ϕ′, ϕ) : ϕ ∈ H1
0 (a, b)}.

Since
δ2I(x∗, ϕ) = (Sϕ, ϕ)1 ∀ϕ ∈ H1

0 (a, b),

the operator S plays the role of the Hessian in the variational setting.

3.4. Legendre condition. In the Hessian matrix H, the component A = Lvv dominates
in the sense that it acts on the derivatives of the test function: (Aϕ′, ϕ′). Using a scaling
argument, one can construct a localized test function ϕ supported near a particular point
t ∈ [a, b], with support length h and height 1—for example, a hat function inH1

0 (a, b). For
such a function, we have the scaling estimates

(ϕ′, ϕ′) = O(h−1), (ϕ′, ϕ) = O(h), and (ϕ, ϕ) = O(h2).

If we wish to use C1 test functions instead of those merely inH1, we may apply a mollifier
to the hat function to obtain the desired smoothness while preserving the essential scaling
behavior.

Legendre Condition

If x∗ ∈ M is a local minimizer of I(·). Then the following Legendre condition
holds

(14) P ∗(t) = A∗(t) := Lvv(t, x∗(t), x
′
∗(t)) ≥ 0, ∀t ∈ [a, b].

Proof. Construct a hat function ϕ ∈ H1
0 (a, b) with support [t−h, t+h] and height h. Then

|ϕ′|2 = 1 only in [t − h, t + h] and zero otherwise. From the second variation condition
δ2I(x, ϕ) ≥ 0, we conclude∫ t+h

t−h

[
P ∗(t) + |Q∗(t)|h2

]
dt ≥ 0.

As h and t are arbitrary, we conclude the Legendre condition. □

Although the strict (or strengthened) Legendre condition A∗ = P ∗ > 0 ensures that the
leading-order part of the Hessian is positive definite, it is not sufficient for local minimality,
since A∗ constitutes only a portion—albeit the dominant portion—of H∗ or S∗. Readers
are encouraged to construct explicit counterexamples illustrating this point.

Instead, one should examine the full operator S∗, as the second variation satisfies
δ2I(x∗, ϕ) = (S∗ϕ, ϕ)1. Thus, S∗ plays the role of the Hessian of the functional in the
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calculus of variations framework. Conditions involving H∗, A∗, and S∗ are summarized
as follows:

H∗ > 0 =⇒ x∗ is a local minimizer ̸=⇒ H∗ ≥ 0.

A∗ > 0 ̸=⇒ x∗ is a local minimizer =⇒ A∗ ≥ 0.

S∗ > 0 =⇒ x∗ is a local minimizer =⇒ S∗ ≥ 0.

In the following, we will focus on conditions on S∗ ≥ 0 and S∗ > 0.

3.5. Conjugate points. Assuming P ∗ > 0 and Q∗ ≥ 0, which is roughly equivalent
to the strong sufficient condition H∗ > 0, we can conclude that S∗ > 0. However, the
converse is not necessarily true: when S∗ > 0, we cannot guarantee that Q∗(t) ≥ 0 for
all t ∈ [a, b]. It is possible for Q∗ to take negative values while the overall operator S∗

remains positive definite. See Example 3.1.
To study the condition S∗ > 0 more deeply, we introduce the concept of conjugate

points. We begin with an example in which the notion of a conjugate point has a clear
geometric interpretation.

Exercise 3.3. Consider two points a and b on the unit sphere S2. The geodesic connecting
a and b lies along a great circle, and there are typically two such arcs connecting the points.
Which one is the shortest?

Let â = −a denote the point on the sphere antipodal to a, known as the conjugate point
of a. Show that the shortest geodesic from a to b is the one that does not pass through the
conjugate point â.

Hint: the computation of the geodesic can be simplified by selecting the plane con-
taining the points (a, 0, b) to be the x-y plane, and choosing a = (1, 0, 0) without loss of
generality. □

In the general case, the concept of a conjugate point is not so straightforward. Given
a number σ ∈ (a, b], we can embed the subspace H1

0 (a, σ) ↪→ H1
0 (a, b) by the zero

extension, and naturally restrict the operator S to H1
0 (a, σ). More precisely,

(Sσϕ, ψ)1 := (P (t)ϕ′, ψ′) + (Q(t)ϕ, ψ), ϕ, ψ ∈ H1
0 (a, σ).

The notation Sσ is used to indicate the dependence on the parameter σ.

Definition 3.4 (Conjugate points). Let x∗ be a solution to the Euler-Lagrange equation. A
conjugate point of a (along x∗) is a number σ ∈ (a, b] such that S∗

σ has a zero eigenvalue
on H1

0 (a, σ). In other words, there exists a nonzero function u ∈ H1
0 (a, σ) satisfying

S∗
σu = 0, with the following strong form:

(15) −(P ∗(t)u′(t))′ +Q∗(t)u(t) = 0, t ∈ (a, σ), u(a) = u(σ) = 0.

If a conjugate point exists, we can use the eigenfunction u from (15) as the variation.
This leads to δ2I(x∗, u) = 0, which means we cannot conclude whether x∗ is a local
minimizer.

When P ∗ > 0, the operator S∗ becomes a Sturm–Liouville operator, which is compact
and thus has a countable set of real eigenvalues. More specifically, for σ sufficiently close
to a, we may approximate the coefficients P (t) and Q(t) by constants: set p = P (a) > 0
and q = Q(a). This yields the linear eigenvalue problem

−pu′′ + qu = λu, u(a) = u(σ) = 0.
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The eigenfunctions are given by uk = sin
(

kπ(x−a)
σ−a

)
for k ∈ N, with corresponding

eigenvalues

λk = q +
pk2π2

(σ − a)2
.

In particular, for k = 1, we obtain, even for q < 0,

(16) λmin(Sσ) = q +
pπ2

(σ − a)2
> 0, for σ − a≪ 1.

t

λ

σa b0
conjugate point

FIGURE 3. Eigenvalues of Sσ are decreasing with respect to σ. At the
conjugate point σ, λmin(S

∗
σ) = 0 and the corresponding eigen-function

u satisfies δ2I(x∗, u) = 0.

This provides information about the behavior of the smallest eigenvalue of Sσ as a
function of σ. We will prove the following result.

Proposition 3.5. Assume P (t) > 0 for all t ∈ [a, b]. Then λmin(Sσ) is a decreasing
function of σ ∈ (a, b].

Proof. Intuitively, (16) shows that locally 1/(σ−a)2 is a decreasing function of σ, and the
minimal frequency corresponds to k = 1. The associated eigenfunction is a sine function.
But the closed form (16) of eigenvalues only holds approximately for σ near a.

For the self-adjoint operator Sσ , the smallest eigenvalue can be characterized as

(17) λmin(Sσ) = inf
v∈H1

0 (a,σ)

(Sσv, v)1
(v, v)

.

Take σ1 < σ2. Then H1
0 (a, σ1) ⊂ H1

0 (a, σ2). From (17), we immediately have

λmin(Sσ1
) ≥ λmin(Sσ2

).

Next we show that the inequality is strict. Let v be the eigenfunction corresponding to
λmin(Sσ1). If v′(σ1) = 0, then together with the boundary condition v(σ1) = 0, it follows
that v must vanish identically near σ1. In this case, we may shift σ1 slightly to the left so
that v′(σ1) ̸= 0. Without loss of generality, assume v′(σ1) < 0.

t

v

σ1 − h σ1 + ha σ1 σ2
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We now construct a function ṽ ∈ H1
0 (a, σ1 + h) and show that

(Sσ2
ṽ, ṽ)1

(ṽ, ṽ)
<

(Sσ1
v, v)1

(v, v)
for sufficiently small h > 0.

Near t = σ1, we approximate the coefficients P (t) and Q(t) by constants P (σ1) and
Q(σ1), and v′ by the constant v′(σ1). By construction, the slope of the extension is halved,
i.e., ṽ′ = 1

2v
′(σ1) in the extended region.

By the scaling argument, the reduction in the derivative term will dominate the increase
in the L2 term. In fact, one can show

∥ṽ′∥2 = ∥v′∥2 −O(h), and ∥ṽ∥2 = ∥v∥2 +O(h3).

Therefore, for h≪ 1, the Rayleigh quotient strictly decreases, implying

λmin(Sσ1) > λmin(Sσ2),

as claimed. □

Proposition 3.5 can be generalized to every eigenvalue of Sσ and the full proof can be
found in [3].

3.6. Jacobi condition. The operator S∗ plays the role of Hessian.

Necessary condition to be a local minimum: no interior conjugate point

Suppose P ∗ := Lvv(t, x∗(t), x′∗(t)) > 0 for all t ∈ [a, b]. If x∗ is a local minimizer
of I(·), then
(1) x∗ satisfies the E-L equation;
(2) there is no interior conjugate point in (a, b).

Note that since δ2I(x∗, ϕ) ≥ 0 for any admissible variation ϕ at a local minimizer
x∗, the right endpoint b could potentially be a conjugate point. However, the necessary
condition discussed above implies that there must be no interior conjugate point in (a, b).
Otherwise, by Proposition 3.5, the existence of a conjugate point σ1 ∈ (a, b) implies that
for any σ2 ∈ (σ1, b], the operator S∗

σ2
possesses a negative eigenvalue. In particular,

for the corresponding eigenfunction u, we would have δ2I(x∗, u) < 0, contradicting the
assumption that x∗ is a local minimizer. An elementary proof using regularity results will
be provided in Exercise 3.7.

We present the following sufficient conditions for a local minimizer.

Sufficient conditions: E-L + strict Legendre condition + Jacobi condition

Suppose
(1) x∗ satisfies the E-L equation of I(·);
(2) P ∗(t) := Lvv(t, x∗(t), x′∗(t)) > 0 for all t ∈ [a, b];
(3) no conjugate point in (a, b],

then x∗ is a strict local minimizer.
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As λmin(S
∗
σ) > 0 for σ sufficiently close to a and λmin(S

∗
σ) is a decreasing function of

σ, the “no conjugate point condition in (a, b]” implies λmin(S
∗) = λ0 > 0. Consequently,

δ2I(x∗, ϕ) = (S∗ϕ, ϕ)1 ≥ λ0∥ϕ∥2, ∀ϕ ∈ H1
0 (a, b).

To strengthen this inequality to the H1-norm, we use the following result.

Exercise 3.6. Assume P ∗ > 0 for all t ∈ [a, b] and that

δ2I(x∗, ϕ) ≥ µ∥ϕ∥2 for all ϕ ∈ H1
0 (a, b).

Then the second variation is also coercive in the H1 norm, i.e., there exists a constant
λ > 0 such that

δ2I(x∗, ϕ) ≥ λ∥ϕ∥21 ∀ϕ ∈ H1
0 (a, b),

where ∥ϕ∥21 = ∥ϕ∥2 + ∥ϕ′∥2 denotes the H1-norm.

How to check whether there is a conjugate point? Solve the Jacobi equation

(18) −(P ∗(t)u′(t))′ +Q∗(t)u(t) = 0, u(a) = 0, u′(a) = 1.

And check whether u has a zero in the open interval (a, b) or (a, b].

Exercise 3.7. Let x∗ be an extremal which satisfies the strengthened Legendre condition.
We shall prove the necessary condition “no interior conjugate point”:

If x∗ is a weak local minimizer, then there is no conjugate point to a in the interval (a, b).

Suppose a conjugate point σ ∈ (a, b) exists. By definition of the conjugate point, there
exists a non-trivial solution u of Jacobi’s equation

−(P ∗u′)′ +Q∗u = 0, t ∈ (a, σ), u(a) = u(σ) = 0.

(1) Prove that u′(σ) ̸= 0 and that∫ σ

a

[
P ∗(t)u′(t)2 +Q∗(t)u(t)2

]
dt = 0.

(2) Extend u to [a, b] by zero. Consider the minimization problem

min
y∈Lip0[a,b]

I(y) :=

∫ σ

a

[
P ∗(t)y′(t)2 +Q∗(t)y(t)2

]
dt.

Then u is a minimizer. Use the regularity result (Theorem 2.3) at the conjugate point
σ to obtain a contradiction.

4. STRONG MINIMA

We discuss perturbations in different norms. For the function space ϕ ∈ W 1,∞
0 (a, b),

the default norm is

∥ϕ∥1,∞,[a,b] = max{∥ϕ∥∞,[a,b], ∥ϕ′∥∞,[a,b]}.
To simplify notation, we shall omit the interval in the norm. As a subspace of L∞[a, b],
a weaker norm ∥ · ∥∞ can be used. Using different norms, we define different open balls
around a point:

B(x∗, ϵ) = {x ∈ C[a, b] : ∥x− x∗∥∞ < ϵ},
B1(x∗, ϵ) = {x ∈ C1

0 [a, b] : ∥x− x∗∥1,∞ < ϵ}.
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These two norms satisfies

∥ϕ∥∞ ≤ ∥ϕ∥1,∞ =⇒ B1(x∗, ϵ) ⊆ B(x∗, ϵ).

Thus, the topology induced by a stronger norm admits more open sets. For instance, both
∥ · ∥∞ and ∥ · ∥1,∞ topologies include the strip as an open set, but only the latter includes
the square. Hence, ∥ · ∥1,∞ is stronger than ∥ · ∥∞.

Definition 4.1. A function x∗ ∈ M is a strong local minimizer of I(·) if there exists ϵ > 0
such that

(19) I(x∗ + ϕ) ≥ I(x∗), ∀ϕ ∈ H1
0 (a, b) ∩B(x∗, ϵ).

If the condition is changed to ϕ ∈ B1(x∗, ϵ), then it is called a weak local minimizer.

v

x

ε

x′∗

x∗

B1(x∗, ε)

B(x∗, ε)

FIGURE 4. Perturbation in the weak minimum vs. the strong minimum.

Figure 4 illustrates the geometry of perturbations. The small square represents the ∥·∥∞
ball of radius ϵ centered at the extremum (x′∗, x∗) in the (v, x)-plane. Since v = x′, the
variables (v, x) lie on a curve passing through this point.

For a weak minimum, the perturbation is restricted to this curve within the square,
with both ∥ϕ∥∞ and ∥ϕ′∥∞ bounded by ϵ. For a strong minimum, only ∥ϕ∥∞ ≤ ϵ is
required; ∥ϕ′∥∞ may be unbounded. As a result, the curve may extend beyond the square
but remains within the horizontal strip Bϵ(x∗, ∥ · ∥∞).
• Strong minimum: perturbation lies in a larger ϵ-ball of a weaker norm.
• Weak minimum: perturbation lies in a smaller ϵ-ball of a stronger norm.

Obviously, a strong minimum is also a weak minimum but not vice verse. An example
can be easily constructed by using a Lagrangian of x′ only. The variation ϕ is small in L2

but not in H1. For example, a high frequency perturbation ϕ = ϵ sin(kπt).

Example 4.2 (Example 14.14 (page 301 and 318 in [2])). Consider

min

∫ 1

0

(x′(t))3 dt : x(0) = 0, x(1) = 1.

A weak local minimum is x∗(t) = t satisfying E-L condition, strengthened Lendre condi-
tion, no conjugate condition, but is not a strong local minimum.

All minima discussed previously are weak local minima. The sufficient condition

δ2I(x∗, ϕ) ≥ λ∥ϕ∥21
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for x∗ to be a weak local minimizer is no longer sufficient to guarantee that x∗ is a strong
local minimizer.

Consider the simple example from calculus: minimize a smooth function f(x). Suppose
0 is a critical point. Then we have the Taylor expansion

f(ϕ)− f(0) =
1

2
f ′′(0)ϕ2 +

1

6
f ′′′(ξ)ϕ3

for some ξ between 0 and ϕ. If f ′′(0) ≥ λ > 0, then for |ϕ| sufficiently small, the third-
order term satisfies

|f ′′′(ξ)||ϕ|3 ≤ λ|ϕ|2,
so that

f(ϕ)− f(0) ≥ λ

3
|ϕ|2 > 0,

which implies that 0 is a local minimum.
In the variational setting, the situation is more subtle due to the presence of different

norms. For instance, if we consider a perturbation ϕ satisfying ∥ϕ∥∞ < ε, we no longer
have any control over ∥ϕ′∥∞. In the expansion

I(x)− I(x∗) = δ2I(x∗, ϕ) + Remainder(ϕ, ϕ′),

the remainder typically depends on both ∥ϕ∥∞ and ∥ϕ′∥∞. Since smallness of ∥ϕ∥∞ does
not imply smallness of ∥ϕ′∥∞, the quadratic lower bound on δ2I(x∗, ϕ) does not suffice
to ensure that I(x) ≥ I(x∗) for all ϕ with small ∥ϕ∥∞. In other words, the condition for a
weak local minimum does not imply a strong local minimum.

We need additional conditions to control the derivative norm outside the small ball
B1(x∗, ϵ). Such a condition should be imposed to account for arbitrary perturbations in
the v-direction.

Given a C1 Lagrangian L(t, x, v), define the Weierstrass excess function as

(20) EL(t, x, v, q) = L(t, x, q)− L(t, x, v)− (q − v) · Lv(t, x, v).

This represents the deviation from the linear approximation of L(t, x, ·) at the point v. If
EL(t, x, v, q) ≥ 0 for all (v, q), then L(t, x, v) is convex with respect to v, and EL is
known as the Bregman divergence.

A necessary condition for a strong minimum requires the positivity of EL only at the
minimizer. That is, the function v 7→ L(t, x, v) does not need to be convex globally; see
Fig. ??, but it must lie above the tangent line at v∗.

v

L(t, x, v)

v∗

L(t, x∗, v∗)
+Lv(t, x∗, v∗)(v − v∗)

L(t, x, v)

FIGURE 5. Weierstrass condition.
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Weierstrass condition

If x∗ ∈ M is a local strong minimizer of I(·). Then the following Weierstrass
condition holds

(21) EL(t, x∗, x
′
∗(t), x

′
∗(t) + ξ) ≥ 0, ∀ ξ ∈ RN , ∀ t ∈ [a, b].

Proof. We outline a proof of the Weierstrass condition as given in [1, page 45].
We begin with the definition of a local minimizer:

(22) I(x∗ + ϕ)− I(x∗)− δI(x∗, ϕ) ≥ 0, ∀ϕ ∈ C1
0 (a, b).

We include the vanishing first variation δI(x∗, ϕ) so that the integrand becomes∫ b

a

[L(t, x∗ + ϕ, x′∗ + ϕ′)− L(t, x∗, x
′
∗)− Lx · ϕ− Lv · ϕ′] dt ≥ 0.

t

φh(t)

t− h t t+
√
h

h

a b

Given a fixed vector ξ ∈ RN , we construct a perturbation ϕh as shown in Fig. ??, and
use ϕ = ξϕh as the variation in (22). The support of ϕh is limited to the intervals (t−h, t)

and (t, t +
√
h), so only these contribute to the integral. By the scaling argument, the

integral over (t, t+
√
h) is o(ξh), while the integral over (t−h, t) isO(h). Thus, we focus

on the limit:

lim
h→0

1

h

∫ t

t−h

[L(t, x∗ + ϕ, x′∗ + ϕ′)− L(t, x∗, x
′
∗)− Lx · ϕ− Lv · ϕ′] dt

= L(t, x∗(t), x
′
∗(t) + ξ)− L(t, x∗(t), x

′
∗(t))− ξ · Lv(t, x∗(t), x

′
∗(t)),

which leads to the Weierstrass condition (21).
The slope of ϕh from the left is 1 and from the right is −

√
h so that when h → 0,

ξϕ′h → ξ not −ξ. □

A sufficient condition for an extremal to be a strong minimizer will be established using
extremal fields, which will be discussed later in the context of Hamilton–Jacobi theory.
Roughly speaking, this condition requires that the function v 7→ L(t, x, v) be locally con-
vex in a neighborhood of v∗.
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